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SUMMARY

CONTEXT AND ISSUES

The digital world produces large volumes of signals of all kinds (audio, im-
age, video, physical measurements) in different domains such as healthcare,
telecommunication, industry or environment. Processing the information
from these data is fundamental for medical diagnosis, data compression,
noise removal from an audio signal, etc. This course introduces methods
to address various problems such as filtering, transmission, denoising of sig-
nals or spectral analysis.

ORGANIZATION

This handout introduces basic methods based on mathematical concepts
such as Hilbert spaces, distributions, and random vectors. These concepts
are revisited in chapter [1] Chapter [2]introduces the notions of signals and
systems, in particular linear convolution filters. Chapter [3| studies Fourier
transforms, an essential tool in signal processing. Fourier transforms are in-
troduced for continuous and discrete time signals and used to analyze the
frequency content of signals (spectral analysis) and to characterize linear fil-
ters in the frequency domain. The sampling theory introduced in chapter
provides conditions under which the information contained in a signal is
preserved after time discretization. Shannon’s theorem is the fundamental
result ensuring exact reconstruction of a band-limited signal. Finally, chap-
ters [s|and [6]introduce a probabilistic framework to characterize the statisti-
cal properties of signals, seen as random processes. The analysis of station-
ary signals is based on the auto-correlation function (time domain) and the
power spectral density (frequency domain), formally introduced in chapter|s]
Chapter [6] discusses how to estimate the auto-correlation and spectral den-
sity from experimental data, with applications to denoising, filtering, data
prediction, and spectral analysis.






NOTATIONS

VECTORS
x e C" vector
x[k] or xy k- th coordinate of the vector

FREQUENCY REPRESENTATIONS

(Fx)(f) or X(f) Fourier transform
(Fx)(v) or X(v) discrete time Fourier transform
XecC" discrete Fourier transform of a vector x € C"

RANDOM VARIABLES
X random variable at time k

INNER PRODUCTS AND NORMS

(x, y)r2 inner product in L2(IR), equal to /IR xy*dA
(x, ¥)r2 inner product in L2(0, T), equal to % /[0 . xy*dA
(x,v) inner product in £2(Z), equal to ) _ x[k] y*[k]
kez
Il LV norm, with x|}, = [ |x(1)|”d
-1 7 norm, with |5, = ¥ (K]
k
DISTRIBUTIONS
(T, @) evaluation of distribution T on a test function ¢

DirAc vs. KRONECKER

Oa Dirac distribution centered at point a: (J,, ¢) = ¢(a)
0 =10 centered Dirac distribution: (6, ¢) = ¢(0)
LLIr Dirac comb: Ly = Z Okt

kez

(k] Kronecker function: k] = 1ifk = 0, and 0 otherwise
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COMPLEX EXPONENTIALS

er(t) = exp(2imft)
en(t) = exp (21’%?)

ey[k] = exp(2imtvk)

e, € CN

complex exponential of frequency f

complex exponential used for Fourier series

[simplified notation for e, /7]

discrete complex exponential of frequency v

Discretized version of function t — exp(2i7mtnt) on [0, 1[:

e, = exp(2i7t@), k=0,...,N—1
{explaim J



MATHEMATICAL PREREQUISITES

The purpose of this chapter is to lay the mathematical foundations of this
course: functional spaces, basic operations on signals, reminders of prob-
ability, and to provide links with the issues covered in the signal process-
ing course. We will call “signal" a function, a distribution, or a digital se-
quence, mostly time-dependent (audio signal, telecommunications), space-
dependent (image, geographical data), or of both (video).

1.1 FINITE DIMENSIONAL VECTOR SPACES

1.1.1  Definition

A vector space over a scalar field K (here, R or C) is a set E equipped with
addition (operator 4 from E X E to E) and multiplication (operator - from
K X E to E). These operators are such that (E, +) is a group, that associa-
tivity and distributivity properties are satisfied, and that the neutral element
of - is the neutral element of the multiplication in K.

For finite-dimensional vector spaces, there exists a basis spanning the vec-
tor space. A basis is a family B of vectors (e;);<;<n such that any vector x
of E is written in a unique way as a linear combination of the basis elements:

The weights x; are referred to as the coordinates of x in basis 3. All basis
of the same vector space contain the same number N of vectors. We call N
the dimension of the vector space.

APPLICATION IN SIGNAL PROCESSING :  Signalsliving in a finite dimen-
sion space will be seen as elements of a vector space. For an audio signal,
we can think of amplification or attenuation of sound (multiplication with a
scalar), and mixing two sounds (addition).
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1.1.2  Linear transformation

We call linear transformation a mapping L from E to F such that for all u
andvin E and A in K,

L(u+v) =L(u) + L(v)
L(Au) = AL(u).

The linear property allows us to simplify this description. Given bases B
of E and Br of F, one can show that the coefficients of y = L(x) read:

N
Yn = Z AnmXm (1)

n=1

where N is the dimension of E, and scalars a,,, € K depend on L, Br and
Br. Denoting A is the 2D matrix containing a,,,, for all n, m, (1) rereads:

y = Ax. (2)

A will be referred to as the matrix of transformation L in bases Bg and Br.
One can thus represent L by the related matrix A, and compute the output
L(x) on a computer as the matrix-vector product (2).

More, some transformations from E to E are diagonalizable. Computing
y = Axboils down to multiplying the coefficients of x in a well-chosen basis
(of eigenvectors, such that L(u,) = A,uy):

Yn = AuXp.

This description allows for more simple interpretation and calculation of the
action of L on vectors in E.

APPLICATION IN SIGNAL PROCESSING : in signal processing, we will
deal with a specific family of linear transformations (in finite dimension or
not), called linear filters, that are translation invariant. In the same way that
we describe a linear application by a matrix, a filter will be described by its
impulse response. Instead of matrix products, we will use convolution. The
Fourier transform will play the role of diagonalization.

1.1.3 Norm, inner product

A norm N(+) on E is a function from E to R satisfying the properties:
« separability: N(x) =0 = x =0,
« homogeneity: N(Ax) = |A|N(x),

« triangular inequality: N(x +y) < N(x) + N(y).



1.2 BANACH SPACES

A vector space endowed with a norm is called a normed vector space.

A norm makes it possible to define a topology, and therefore to speak
of convergence of a sequence of vectors x,, approximating a vector x. For
finite dimensional spaces on IR or C, all norms are equivalent and therefore
define the same topology: the notion of convergence does not depend on the
chosen norm. The following norms are often encountered:

* Ixlh =

x||2 =

A finite dimensional space endowed with an inner product is said to be pre-
Hilbertian. An inner product (Hermitian, if K = C) is a bilinear (sesquilinar)
application verifying the following properties:

« symmetry: (x,y) = (y,x)*
. positivity: (x,x) € R4
« definiteness: (x,x) =0 < x =0.

An inner product induces a norm ||x|| = 4/(x,x). Specifically, the inner
product (x,y) = YN, x;y} induces the norm | - [|. The Cauchy-Schwarz
equality states that:

| y)| < lIxlllyll- (3)

One can then define orthonormal bases, i.e., bases (e;)1<i<x such that (e;, e;)
1ifi = j, and O otherwise. For orthonormal bases, the decomposition of x
in terms of basis vectors e; reads:

N
X = Z X;e; (4)

with weights
xi = (x €). (5)

1.2 BANACH SPACES

Any space of finite dimension admits a basis. We can therefore always rep-
resent a vector by its coordinates, and all norms defined on a given vector
space are equivalent. Moreover, any finite-dimensional vector space on IR
or C is complete.

The situation is far more complex in infinite dimension. We call Banach
space a complete and normed vector space. We will focus our attention on
two types of Banach spaces.

13
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1.2.1 /P spaces

The 7 space (p > 1) is the space of sequences (x[n]),cz such that
Y ez |x[n]|P < oo. Specifically,

xli =} [x[n]]

nez

« (! is the space of integrable sequences,

« 2 is the space of finite energy sequences, ||x||3 = Y |x[n] 2

nez

X|eo = sup |x[n]|.
nez

« (% is the space of bounded sequences,

We denote d[n] the sequence defined by
1 ifn=0,
5m:{ ©

0 otherwise.
¢ is called the Kronecker function or Kronecker impulse.

Remark. Notation & will also refer to the Dirac distribution. Unlike the
Dirac distribution, the Kronecker function é[n] is a sequence defined on Z.

1.2.2 L spaces

Similarly, the spaces L?(I) (with I an interval of R and 1 < p < o0) are
Banach spaces. We first define £(I), the set of measurable functions x
defined on I such that [, [x|[PdA < co. The space LP(I) is then the set of
equivalence classes of L7 (I) by the relation "equal almost everywhere". We
will specifically focus on:

- integrable functions L' (RR), ||x||;1 = [ [x] dA,

x| = fi lx2dA,

« finite energy functions L?(IR),

« essentially bounded functions L®(IR), ||x||L~ = sup |x].

Note that these spaces do not take into account the regularity of functions
(i.e., the functions in LP have no reason to be continuous). Also, there is no
systematic inclusion properties (except when I is bounded, in which case
LP(I) C L(I) for p > q).

APPLICATION IN SIGNAL PROCESSING:  {F spaces will be used to model
discrete-time signals while LP spaces will refer to continuous time signals.
When p = 2 (see the next section), we will refer to finite energy signals,
where the energy is || - 3.

1.3 HILBERT SPACES

The particular case of L?(I) deserves specific attention. In the case where
the interval [ is not bounded, we define the inner product in LZ(I ) by:

(x,y)i = [ xyda. o)



1.3 HILBERT SPACES

When [ is bounded, the inner product is normalized by the length of I['] Thus,
the inner product on L?([0, T]) is defined by:

1
X, = — xy*dA. 8
(e =7 fo % (8)
The inner product obviously satisfies the Cauchy-Schwarz inequality.

L?(I) is a Hilbert space, i.e., a Banach space with an inner product. More-
over, it is separable (there is a countable subset dense in L2). So, there exists
a Hilbert basis (e;);cz: any function x € L2(I) can be written as:

X = Zci e; (9)

ieZ

with convergence in L? norm. Moreover, the family (;)icz is orthonormal.
The coefficients c; are then given by:

ci = (x, ). (10)

The Riesz representation theorem is an important property of Hilbert
spaces: a continuous linear form ¢ on a Hilbert space H can always be writ-
ten

Vx € H, {(x)=(x,x)n

where x; € H. We can therefore identify H with its dual.

We can also define the Sobolev spaces H™, whose functions x are such
that x and its derivatives up to order m (in the sense of distributions) are
in L2, These spaces take into account the regularity of functions. For the
special case of H', the inner product is:

(S Y)m = (Y + (K Y) e

APPLICATION IN SIGNAL PROCESSING : the construction of bases of
Hilbert spaces such as L?(IR) is very important since it is linked to the de-
composition of continuous time signals. We can mention discrete wavelet
bases or local cosine bases, and for signals with limited bandwidth, the bases
of cardinal signs, allowing to represent a sampled signal without loss of in-
formation.

1.3.1  Fourier series
The space L?([0, T]) of integrable square functions defined on [0, T] is a

separable Hilbert space. A classical orthonormal basis of L?([0, T]) is the
Fourier basis defined by:

en(t) = exp (iZn?) , neZ. (11)

1 for reasons that will become clearer in paragraph

15
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The decomposition reads:

x=Y cney (12)
nez

x(t) =) cpexp (iZnT;f) (13)
nez

with weights given by:

cn = (x, en)p2
1

= [;)’T] x(t) exp (—iZn?) dt (14)

APPLICATION IN SIGNAL PROCESSING: Fourier series allow to decom-
pose a periodic signal (speech signal, musical note, etc.) into sums of har-
monics. The fact that a function belongs to a Sobolev space H™ guarantees
the fast decrease of coefficients |c,|.

1.4 DISTRIBUTIONS

As mentioned above, in a Hilbert space H (for example L?), one can identify
the vectors of H with continuous linear forms over H. This is especially
true for finite dimension spaces. On the other hand, for general L? spaces
(p # 2), this is no longer true. For p > 1, the dual of L? is isomorphic to
L9 with 1/p +1/q = 1. For L? spaces defined on a bounded interval (for
example, [0, 1]), we notice that for p > 2, the dual L? is not equal to L? and
is even strictly larger (indeed, it is L7, with g = p/(p — 1) < p). We can
therefore make the dual grow by limiting the starting space.

This idea is pushed to the extreme by the distributions. Let D’'(IR) de-
note the distribution space, that is, the set of continuous linear forms on
the space D(IR) of compactly supported functions C*, called test functions.
The starting space being here very restricted, its dual is absolutely gigantic.

The space D’(IR) includes regular distributions associated with locally
integrable functions (and therefore, all functions of L?, for 1 < p < o).
In this case, the evaluation of a test function ¢ by a regular distribution Ty
(related to function x) is given by

(Tv, @) = /quv . (15)

However, not all distributions are associated with functions. In particular,
the Dirac distribution 6

(6, 9) = 9(0) (16)

cannot be written as the integral of ¢ against a function. More generally, we
define 4, by

(00, 9) = ¢(a). (17)
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We have in particular
dp =90. (18)

Warning: do not confuse the Dirac distribution § with the Kronecker
function d[k| defined in (6). The latter is a numerical sequence.
We also define the Dirac comb as the sum of Dirac distributions spaced
by a:
W, = Z Ona- (19)
nezZ

Equality and convergence in the sense of distributions are defined by:

T=5 &VpeDR), (T, ¢)=(S9),
T, » T < VYo e D(R), (T, ¢) — (T, ).

Every distribution is differentiable. Its derivative is still a distribution, de-
fined by

(T ¢)=—(T.¢'), (20)
which extends the integration by parts when T is a sufficiently regular func-
tion. In particular, the Heaviside function x = I+ is not differentiable in
the classical sense, but its derivative in the sense of distributions is the Dirac
distribution ¢ (note: the value of I+ in zero is, from the point of view of the
distributions, of no importance). This result can be extended as follows: let
I = [a,b] be an interval of R and x a differentiable function. The derivative
of x1 is given by

(x1;)" = 2" + x(a)d; — x(b)Jp. (21)

The discontinuities of the function lead to Dirac distributions in the deriva-
tive, with amplitudes equal to those of the jumps.
An affine change of variables x(x) = ax + b is defined as follows:
1 -1
<Tox,go>:m<T,(poX > (22)
Note that when T is a regular distribution (associated to some locally inte-
grable function f), identifies with the formula obtained by calculating
the integral of (f o x)¢ and changing variables within this integral.
Specifically, for the Dirac distribution and x(x) = ax — b, we get:

1
(SO OX = méb/a. (23)
APPLICATION IN SIGNAL PROCESSING : Distributions are useful for

modeling linear time invariant systems, defined later in the document, by
convolutions. In particular, the neutral element of the convolution is the
distribution J. The §, operator acts as a delay on a signal, with a shift in
time equal to 2. We will sometimes use the notation 6 (t — a) instead of d,, to
make this delay more explicit. We should keep in mind that a distribution is

17
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Figure 1: Heaviside function H = 1R, , Dirac distribution § = Jy and Dirac
comb LU, fora = 1.



1.4 DISTRIBUTIONS

not a function of ¢, and that this notation is nothing but a convenient abuse.
Note that the Dirac distribution can be seen as the limit, in the sense of
distributions, of a sequence of impulses of integral 1 and supports more and
more concentrated around zero. The Dirac comb will be important for the
study of the sampling operation (transition from a continuous time signal to
a discrete time signal).

1.4.1  Tempered distributions

We define the Schwartz space S as the set of C* functions ¢ on R such that

Va,B €N, sup
teR

tpl)(1)] < oo, (24)

that is, the derivatives (p(ﬁ) (t) decrease faster than any negative power of
|t|. The members of its dual S’ are called tempered distributions. The test
functions being in the Schwartz space (D C S), the tempered distributions
are also distributions (S’ C D).

Some examples of tempered distributions include:

+ locally integrable functions with at most polynomial growth,
« Dirac distributions,
» Dirac combs.
1.4.2  Compactly supported distributions
Before defining distributions with compact support, we recall that the sup-

port of a function, denoted supp(¢), is defined as the closure of the set of
values x for which ¢(x) # 0.

Definition 1.1. A distribution T € D'(IR) is said to be zero on a open
set O of R if for all p € D(R) such that supp(¢) C O, (T, ¢) = 0.

For example, one can easily verify that J is zero on IR* and that for all
x € LY(R), “Ty is zero” on O is equivalent to X|0 = 0 almost everywhere.
We now extend the concept of support to distributions.

Definition 1.2 (Distribution support). The support of a distribution
T € D'(R) is the complement of the largest open where T is zero.

Example 1.1.
e Ifa; € R and a; € C, supp(Y5_; a;0,,) = {a1, ..., ac}.

* Ifx € L'(R), supp(Ts) = supp(x).

19
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Definition 1.3 (Distributions with compact support). We denote
E'(R) the subspace of D'(R) formed of distributions with compact
support.

E'(R) contains the Dirac distributions J,, their derivatives 5£k) for all
k € NN, and the set of functions x € L!(R) with compact support (seen as
regular distributions). £'(IR) contains the space of test functions: D(R) C

£'(R).

We also have the following nesting property:
E'(R) c §'(R) c D'(R). (25)

APPLICATION IN SIGNAL PROCESSING:  The tempered distribution space
is the most general framework for defining a Fourier transform. They allow
to calculate the Fourier transform of a Dirac distribution or a Dirac comb,
but also a complex exponential e(t) = exp(i27tfot), which are neither in
L' nor in L2,

1.5 RANDOM VARIABLES AND PROCESSES

Let (Q), F,P) be a probability space. A random variable X is a measur-
able application from (), F) to (IR, B) where B refers to the Borel sigma-
algebra. A complex random variable X, can be decomposed as X, = X, +
iX;, where X, and X; are real random variables.

The law of the random variable X is the measure Px on IR such that
Px(A) = P(X !(A)). The expectation of X is defined by:

E(X) = /Q X(w)dP(w)

= / x dPx(x). (26)
R

Its variance Var(X) reads
Var(X) = /Q X (w) — B(X)[2dP(w)
- /R Ix — E(X)[2dPx (). (27)

Moreover, a random variable is fully characterized by its cumulative func-
tion

Fx(x) =P(X <x) (28)
and its characteristic function
¢x(t) = E(exp(itX)). (29)

If the law Px(x) is absolutely continuous with respect to the Lebesgue
measure (i.e, dPx = fxdA), we say that X admits the probability density
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function fx. A very important case of density function is the normal distri-
bution N (p, 0?), with mean u and variance 02, defined by:

fula) = —ep (-E 1), (50)

27102

Random vectors are random variables of Q) in RN. Their probability law
is a measure on RN. For a pair of random variables (X,Y), we define the
covariance by:

Cou(X,Y) = E (X — E(X)) (Y ~ E(Y))") (31

= ) (¥ T EX)(y — E(Y))"dPxy (v, y),
denoting X* the Hermitian conjugate of X (i.e., the conjugate transpose ma-
trix). The mean of a random vector X is pix = E(X) and the covariance
matrix reads:

Ix = E((X = px) (X = px)"), (32)

whose coefficients are equal to Xx ,,;, = Cov(X,, X,). The covariance
matrix is always Hermitian positive semi-definite. Indeed, for any vector
a = (a]')lg]'SN, a*ZXa = Vll?’(({/'l, X)) > 0.

By definition, a Gaussian random vector is such that any linear combina-
tion of its components follows a normal law. A real Gaussian random vector
X is fully defined by its mean y and covariance matrix X.. Its characteristic
function reads:

. 1
ox(t) = exp <w§<t - zttZt) : (33)
Moreover, if ¥ is invertible, the random vector admits a density given by:

0) = gz @ (30 mOE k)

Fig. |2| gives an example of a Gaussian vector. Note that it is not sufficient
that the marginal distributions of the components of the vector are Gaussian
random variables for the vector to be Gaussian. This is illustrated by the
example of fig.

A discrete time random process (X, (w)) is a sequence of random variables
for n € Z. This concept generalizes that of random vectors. A process is
said to be Gaussian if any vector extracted from the process is Gaussian.
Realizations of the process (X, (w)), i.e., values of the process obtained for
given w’s, are also called trajectories. Fig. |4 shows realizations of a simple
random process, where each Xj takes values -1 and 1, and where Xy ;1 = X
with probability 0.9, and Xy 1 = — X with probability o.1.

APPLICATION IN SIGNAL PROCESSING: many signals can be modeled
by random processes, in the sense that it is useful to think of them as realiza-
tions of a random process. This type of modeling is, for example, very useful
for unvoiced speech signals (whisper, consonants such as /ch/, /s/, /f/), for

21
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Figure 2: Realizations of a Gaussian vector (X,Y) of mean y = (1,2) and
11
1 2

nation X and Y are normal.

covariance matrix > = ( ) . The laws of any linear combi-
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Figure 3: Realizations of a random vector (X,Y), where Y = X1 x.; —
X1x|>1 and X is a Gaussian variable of law A/ (0, 1). The marginal
laws of X and Y are Gaussian, but X — Y does not follow a normal
distribution. (X, Y) is therefore not a Gaussian vector.
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Figure 4: Six trajectories of a random process with values —1 or 1.

which it is more informative to give the characteristics of the random pro-
cess that produced them, rather than the values of their specific trajectories,
taking into account the variability between trajectories. In signal processing,
we will manipulate the autocorrelation of a signal (between two instants n
and m), equal to [E(X,, X}, ), which coincides with the element X ,,, when
X is centered.

1.5.1 Brief reminders of statistics

The purpose of statistics is to estimate characteristics of a random variable
(mean, variance, parameters of a family of probability distributions, etc.)
from realizations of this random variable. For example, from a finite number
of dice rolls, we seek to estimate the probability of each face of the dice.

Here is a simple example of estimation. The empirical mean i is an esti-
mator of the mean y of a random variable X. With (mutually) independent
and identically distributed (i.i.d.)) data X, for1 <n < N,

1 N
In=— Y Xu.
N N L n (35)

This estimator is also a random variable. We can calculate its expectation
and variance:

E(fin) = E(X) (36)
N
Var(fiy) = % ) Var(X,) (37)
n=1
1
= NVar(X). (38)

This estimator is unbiased (its expectation is equal to that of X, which we
seek to estimate), and consistent (its variance tends to 0 when the number
of data points tends to infinity).
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APPLICATION IN SIGNAL PROCESSING: as seen before, it is common
to think of a signal as the realization of a random process. With some addi-
tional assumptions (stationarity, ergodicity), we will see that it is possible to
estimate the parameters of a random process from a unique realization. For
example, one can estimate the parameters of a speech generative model from
a single recording. The problem of estimating the frequency of a sinusoid in
noise will also be tackle within random process framework.
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LINEAR TIME INVARIANT SYSTEMS

This chapter studies linear and time invariant filters, that are fundamental
in signal processing. We first give basic definitions of continuous-time and
discrete-time signals. Then, we define the convolution product of two sig-
nals and exhibit its main mathematical properties. We study the properties
of linear convolution filters, and show that the complex exponential signals
are eigenfunctions of any linear filter. As such, they characterize the filter
in the frequency domain.

2.1 SIGNAL CONCEPT
2.1.1  Definitions

A deterministic signal, or more simply a signal, is a function of one or more
time or space variables, with values in IR or C. There are two major classes
of signals: continuous-time and discrete-time signals.

A continuous (time) signal, called analog signal, is a function of a con-
tinuous variable ¢ € IR. We will denote it

x: R —- C
£ o= x(f).

Variable t can represent time, but also space (f = (x,y) for images), wave-
length, etc.
A discrete (time) signal is a sequence

x = {x[k], ke Z}.

Very often, a discrete signal is obtained by sampling the values of a continu-
ous time signal at different times t;, k € Z. We thus have:

x[k] = xc(t), Vk € Z,

denoting x. the continuous signal associated with the discrete signal x. For
this reason, discrete signals are also called sampled signals. Note that a dig-
ital signal is a discrete and quantized signal, i.e., it can only take a finite
number of values. Quantization is the operation ¢ = Q(x) which trans-
forms a signal with continuous values (x[k] € R) into a signal with discrete
values. For example, if g is IN-valued, g[k] is the nearest integer to x[k].
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Deterministic signals will be seen as mathematical objects living in func-
tional spaces like L? (IR) (continuous time) or ¢¥ (Z) (discrete time). In con-
trast to deterministic signals, we define stochastic signals as random pro-
cesses. They will be studied in chapters[s|and 6]

2.1.2 Energy representations

Let x be a continuous-time deterministic signal. We define when they exist,
the following quantities:

1
« Mean power P, = 71im T /[ ] |x(£) | dt
~T,T

—»00

. Energy E, — /R x(8)[ dt = [x]|%.

A signal of finite energy therefore satisfies x € L?>(R) and P, = 0. Similar
definitions apply in the discrete case, with Ex = ||x|3.
We define the cross-correlation between two finite energy signals by:

VT € R, 7yy(T) = /]R x(t)y*(t — ) dt (continuous case)  (39)

Vn e Z, vyl =) x[kly*[k —n] (discrete case) (40)
k

The cross-correlation is equal to the inner product between x and the de-
layed version of y:

Yay(T) = (x, y(- — 1)) (continuous case)

Yxyln] = (x, y[- —n]) (discrete case)

The Signal-to-Noise Ratio (SNR) quantifies the level of disturbance of a
signal during its transmission in a communication network. Denoting by u

the noiseless signal and x = u + b the noisy signal (assuming an additive
noise b), the SNR is defined by:

_ (P _ (Eu
SNR—<Pb> or SNR—(Eb> (41)

for finite power and finite energy signals, respectively. The SNR is the most
often expressed in dB:

SNRyg = 10 log,, (SNR). (42)
2.2 CONVOLUTION

Convolution is a fundamental operation in signal processing. We first define
itin L? spaces, and then for discrete signals (¢” spaces ) and for distributions.



2.2 CONVOLUTION

2.2.1  Continuous case: convolutions of functions

Definition 2.1 (Convolution of two functions). Consider two func-
tionsx : R — C andy : R — C. The convolution product of x and y,
denoted x * y, is the function, if defined, defined by:

WER, (xep)(t) = [ x(O)y(t—0)a0 (43)

= [ x(t-oO)an. G

J

(x % y)(t) is sometimes denoted x * y(t). In this handout, we favor the
writing (x * y)(t) to clearly mark that (x * y)(¢) depends on all values of
y(0).

Note that the convolution is not always defined. For example, if x =
y = 1R, then Vt, (x *y)(t) = oo. Furthermore, the convolution has a reg-
ularizing power (see CIP course). For instance, for discontinuous functions
X=y= ]l[f% 1, where T' > 0, x * y is the "triangle" (continuous) function
of width 2T and amplitude T:

(xxy)(8) = (T = [t) Apog, 7y (£). (45)

Convolution is defined everywhere (possibly almost everywhere) depend-
ing on the space in which the x and y signals live.

Theorem 2.1. The convolution of two functions in L and L1 is defined
in the following cases:

X Yy ||xxy defined
L' Lt L' almost everywhere

LY L% || L%  almost everywhere
L' L*®| L® everywhere
L2 L% | L® everywhere

The norm of x * y is bounded by the product of the norms of x and y.

The proof is elementary and left as an exercise.

Going further...

Theoremis generalized using Young’s inequality. Let p, g, 7 € [1, 0] with
1 1 1
S-S =142,
P 9 r

The convolution of x € LP and y € L7 is in L”. Moreover,

e xyllr < lxllpllyllg-

27
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Remark. Equation is closely linked to the cross-correlation equation,
see (39). Forx andy € L*(R), yxy(T) is equal to the inner product between
x and the delayed signal y( - — T). By denoting ij(t) = y*(—t), we have

Yy = X * . (46)

2.2.2  Discrete case

Definition 2.2 (Convolution in the discrete case). Letx = {x[k], k €
Z} andy = {y[k], k € Z}. The convolution product of x and y is the
sequence X * Y , if defined, defined by:

Vn e Z, (xxy)n] :k%x[k]y[n—k] (47)
— Z x[n — k] ylk]. (48)
kezZ

(x % y)[n] is sometimes denoted x * y[n]. We prefer writing (x * y)|[n].
The existence conditions are similar to the continuous case; we can write

the convolution of two signals in £1(Z), of two signals in £?(Z.), of a signal
(1(Z) with a signal in £*(Z), etc.

2.2.3 Signals modeled by distributions

It is necessary to extend convolution to distributions to be able to define
some filters like delay filters Yy = ¢ x x. The reader is redirected to
chapter [1]for a definition of distribution spaces on which we are working.

Convolution of a C* function and a distribution

The convolution of a C*(R) function with a distribution is defined as a
direct extension of (44).

Definition 2.3. Letx € C*(R) andY € D'(R). Assume that one of
the following assumptions is satisfied:

1. x € D(R) and Y € D'(R);
2. x € §(R) andY € §'(R);
3. x €C®(R) andY € &'(R).
The function x % Y is defined by:
VieER, (xxY)(t) =(Y, x(t—-)) (49)

where x(t — - ) denotes the function 6 — x(t —6).
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Theorem 2.2. Under the previous assumptions, x x Y € C®(R).
Moreover, forallk € N, (x Y)®) = x(®) 5y = x % Y,

Example 2.1. ForY = 6, and x € C®(RR), (a9) implies that:

VtER, (xx6,)(t) = x(t —a). (50)

Going further...

Definition 2.4 (Convolution of distributions). Let X € £'(R) and Y €
D'(R). The convolution product X + Y is the distribution defined by:

Vp € D(R), (X+Y, ¢) = (X, 6=~ (Y, (- +6))) (51)
= (Y, 0= (X,¢(- +06))) (52)

This definition has a direct link with the definition (43)-(44) of the convolution of
two functions x and y. Let x € L'(R) and y € L'(R). According to Theorem
x*y € L1(R). The related regular distribution reads:

¥ € D(R), (Tewy, §) = [ (xry)(Op(1)a

R

:/]R :/]Rx(é)y(tfﬂ)dé} (t)dt

- /. :/}Ry(t—(?)(p(t) dt} x(6)d0
:/R :/}Ry(u)(p(u—i-e)du} x(6)do
:/]Rx(a) (Ty, ¢(- +06))de (53)

using Fubini’s theorem to invert both integrals. (53) clearly identifies with (51). Sim-
ilarly, one can establish a direct link between and (g4).

Remark. The convolution product of two distributions is not always defined. Due
to the nesting property £’ C 8’ C D', the above definition (withX € £', Y € D’)
covers the following cases:

e XeD, YeD;
e XandY € &'. Here, we have X xY € £';
e Xe& andY € §'. Here, we have X xY € S’.
Example 2.2.
e For X =6, € £'(R), we have for Y € D'(R),
V¢ € D(R), (0axY, ¢) = (Y, (- +a)).
Fora =0, this yieldsé xY =Y.
« In the specific case where Y =y € C°(R), we have:

vy, @)= [ v p+aydr= [ y(t—a)g()

We have therefore (in the distributions sense) (8 * y) () = y(t — a) which
extends (50) to the convolution of 8, with a continuous function.

29
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2.2.4 Properties of the convolution product

The properties are stated whatever the nature of the signals x, y and z pro-
vided that the manipulated quantities are well defined.

» Commutativity: x *y = y % x
« Associativity: x x (Y xz) = (x*y) * 2z
« Distributivity: x * (y +z) = (x *xy) + (x * 2)

+ Neutral element (continuous case) is the Dirac distribution g = ¢:
dxy=uy.

« Neutral element (discrete case) is the Kronecker function 4 [k|:
dxy=uy.

« Translation: x(t — 7) = (x % d¢)(t)

« Differentiation (possibly in the sense of distributions): %(x *Y) =

dx _ dy
W*y_x*ﬂ

« Support (possibly in the sense of distributions): supp(x *y) C supp(x)+

supp(y) = {t1 +t2: f1 € supp(x), t2 € supp(y)}.
« Cross-correlation: vy, = x * § with §(t) = y*(—t).
2.3 CONCEPT OF SYSTEM
2.3.1 Definition
A system is a mapping ¥ = S(x) from the space of input signals x to that of
output signals . The spaces considered are typically L? spaces for contin-

uous signals and ¢ spaces for discrete signals. Schematic representation of
systems is based on the "black box" diagram of Fig.

Input x ——  System S — Output y

Figure 5: Graphical representation of a system.

A system models transformations undergone by a signal, including the
alteration of a physical signal (audio signal, electromagnetic wave) during
its transmission through a propagation medium, or the improvement of the
signal content after a signal processing task (denoising of a sound record,
deconvolution to remove blur in an image). Hereafter, we only consider
single input - single output systems.
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2.3.2  Properties of systems

Definition 2.5 (Homogeneity). A system is said to be homogeneous
in input/output, if the input and output signals are of the same nature
(continuous or discrete).

Definition 2.6 (Linearity). A system S is linear if for all linear com-
binations

X =a1xy+axxy, a,a; €R,
we have

S(x) = a1 S(x1) + a2 S(x2).

In other words, the output signal S(x) reads as the weighted sum of sig-
nals S(x1) and S(xp) with the same weights a1 and a as in the weighted
sum X = dq X1 + dp Xp.

Remark. Physical systems are very rarely linear. A model S is an equation
that represents the expected behavior of a phenomenon according to the laws
of physics. We often perform a linearization around a so-called operating
point (or equilibrium point) of the system to get a linear model.

The following definitions are given for signals continuous time signals.
Similar definitions apply to discrete time signals. We recall that (d * x) () =
x(t — T) represents a time shift of x(t), also called translation. For T > 0,
the signal J; * x is a delayed version of x().

Definition 2.7 (Translation invariance). A system S is invariant by
translation if for any input x and forall T € R,

5(0c x x) = (S(x)) * br. (54)

In other words, the output of the filter associated with the delayed signal
coincides with the delayed version of the output signal S(x), with the same
delay.

Definition 2.8 (Homogeneous linear filter). A linear filter is a system
that satisfies both properties of linearity and translation invariance.

The convolution y = h * x is an important case of linear filtering,
where & (called impulse response) characterizes the filter. We can check from
the properties of the convolution product (see section|[2.2.4), that this system
is linear (obvious) and translation invariant, because the output associated
to a delayed signal reads:

hx (67 % x) = (h*x)*0r.
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Two remarkable examples are obtained when 1 = J; (time-delay system)
and h = IR, (integrator).

Example 2.3.

e Time-delay: y = 67 *x or y =06[- —nl*x:

y(t) =x(t=7), or ylk] =xk—n]. (55)

Definition 2.9 (Causal system). A system is causal if for any time
moment t(, the output signal at time ty only depends on the values of
the input signal for timest < 1.

Example 2.4. The integrator defined in (56) is a causal system. On the
other hand, the calculation of the average in a centered interval

1 t+T
v(t) = 57 [ *(0)do (57

is not causal, because it is necessary to know the value of the input x(6) for
6 > t to calculate y(t).

Causality seems natural for physical systems (the cause occurs before the
effect). However, one may consider non-causal systems in the case of offline
processing. For example, when an entire signal has been recorded or stored
in a buffer memory, one can perform a posteriori calculations such as (57) on
a window centered around time f.

The stability of a system can be characterized in various ways. We retain
the definition in the sense of Bounded-Input, Bounded-Output (BIBO).

Definition 2.10 (Bounded-Input, Bounded Output Stability). A sys-
tem S is BIBO stable if for any input x € L*(R), S(x) € L®(R).

2.4 LINEAR CONVOLUTION FILTERS

In section2.3] a linear filter was defined as a linear time invariant (LTI) sys-
tem. Hereafter, the systems are assumed homogeneous in input/output. Fur-
thermore, we focus on filters defined by a convolution.
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2.4.1 Definition

Definition 2.11 (Impulse response). Let S be a linear filter whose
input-output relationship involves a convolution:

y=5(x)=hxx, (58)

(provided that h % x is well defined). The signal h is called impulse
response of the filter. It is possibly a distribution.

The Dirac distribution § = dp (continuous time signals) or the Kronecker
function d[k| (discrete time signals) being the neutral elements of the convo-
lution, we have

h=S(5). (59)

Hence the name impulse response: / is the response of the filter to a pulse
input (Dirac or Kronecker depending on the context).

Interpretation of the calculation of the convolution product

Take the example of a discrete-time system and a pulse input (x[k] = &[k]).
The ouput y[k|] = h[k] corresponds to the impulse response, as shown in

Fig.[6]

ulk]=olk] k] = hik]

.=k—>S.L.I.—> .T‘[TT
1 2 3 4 ...

Figure 6: Impulse response of a LTI system.

Now consider an arbitrary input x[k]. Given the impulse response, the
output

ylkl = (hxx)[k] =} x[n] h[k — n]

nez

is obtained as a linear combination of the delayed versions of & (the signals
k +— hlk — n]) weighted by the amplitudes of the pulses x[n]. Since the
convolution product is commutative, we also have

ylk] = Z h[n] x[k — n].

nez

h[n] can thus also be interpreted as a weighting sequence: the term h[n]
weights the value of the input passed 7 times ago (i.e., x [k — 11]) to contribute
to the calculation of y for time k.
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Stability
The BIBO stability of the filter is garanteed if

h e LY(R) (continuous case)

hetl(Z) (discrete case)

Indeed, by Theorem these conditions imply that if x is bounded (x &€
L®(R), respectively £*°(Z)), then h x x is bounded.

Causality

By writing the definition of the convolution product (here for continuous
time signals):

() = (h+x)(t) = /Rh((?)x(t —0)do

it appears that the filter is causal if and only if () = 0 for t < 0 (respec-
tively h[k] = 0 for k < 0), i.e.,

supp(h) C Ry (continuous case)

supp(h) CIN (discrete case)

The input-output relationship is then written
y(t) = / 1(0)x(t — 0) do = / h(t — 6)x(6) 6.
R, ]—o0,t]
and rereads
y(t) = / 1(0)x(t — 0)do — / h(t — 6)x(6) d6.
[0,t] [0,¢]

if x(t) = 0 for t < 0. Similar expressions are obtained for discrete time
signals.

Remark. For a stable discrete-time system, h[n| tends to 0 when |n| tends
to infinity. In a nutshell, the values of the input signal at times very far
from time k, have little impact on the value of the output for time k.

2.4.2  Finite impulse response filters (FIR)

Definition 2.12. A FIR (Finite Impulse Response) filter is a filter
whose impulse response has a bounded (time limited) support.

Example 2.5 (Derivative filter). The derivative filter computes the differ-
ence between two consecutive points. The output y is:

ylk] = x[k] — x[k —1]. (60)
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Identifying this equation with

ylkl = }_ hin]x[k - n]

kez
we get the impulse response:
1 ifn=0,

hin]=¢ -1 ifn=1,
0 elsewhere.

The support of the impulse response is {0,1}. It is bounded, therefore h is
an FIR filter.

Figure 7: Impulse response of a derivative filter.

Example 2.6 (Moving average filter). This filter calculates the average
value of the signal over a window of 2K 4 1 points centered on the current

point:
1 K

k| = ——— k — n]. 61
v = o g o Yk (61)

The filter is not causal because y[k] depends on inputs at times later than k.

By identifying with (h  x)[k|, we get:

i = { 1 il <K
1 0 elsewhere.

The support of the impulse response is { —K, ..., K}. It is bounded, there-
fore h is an FIR filter.

L.,

Figure 8: Impulse response of a moving average filter.
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2.4.3 Infinite impulse response filters (IIR)

Definition 2.13. An IIR (Infinite Impulse Response) filter is a filter
whose impulse response has an unbounded (time unlimited) support.

hlk]

- [ITTT?V"#,{

-1 01 2

Figure 9: Impulse response of a causal IIR filter.

Example 2.7. Causal exponential smoothing Fig.[d shows the impulse re-
sponse of a filter for which h[n] = a" with0 < a < 1. The input-output

relationship reads:

ylk] = i)zx”x[k —nJ. (62)

2.4.4 Difference equations

The input/output relationship of a filter can be described by a convolution,

but also by a recursive equation between the outputs at different times. Con-

sider an ordinary differential equation:

y(t) —ary (£) — ... — apy P () = Box(t) + ...+ Bux™ (1), t € Ry

(with p initial conditions at t = 0). Its time discretization using the finite

difference method yields an equation of the form:

p

vk =Y aylk— i+ bxlk—j )
i—1 j=0

where the parameters 4; and b; do not depend on k. This equation is called

finite difference equation of order p.

Since the impulse response & identifies with the output of the filter for

input x[k] = d[k], it comes

Vk > m, hlk] = iaih[k — i (64)
i=1

Vk € {0,...,m}, hlk] =

M-

Il
—_

aihlk — i] + b. (65)

Assuming the system is causal, these equations allow one to deduce / by

solving a linear system.
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2.5 EIGENFUNCTIONS

In finite dimension, the eigenvalues and eigenvectors of a linear application
provide essential information on its action on a vector. The following theo-
rem states that all stable linear invariant systems admit the complex expo-
nential signals as eigenfunctions, i.e., the output signal yielded by the filter
for these functions is proportional to the input signal.

Theorem 2.3. Consider a stable filter of impulse response h. The out-
put signaly = hx ey, i.e., the response to the LTI system to the complex
exponential

er(t) = exp(2imft)

is proportional to ef:

y(t) = H(f)es(t).

The weight is called frequency response. It is given by the Fourier trans-
form of h:
H(f) = / h(t) exp(—2imft)dt (66)
R

Theorem 2.4. Consider a stable discrete-time filter of impulse response
h. The output signal y = h * e,, i.e., the response to the LTI system to
the discrete-time complex exponential

ey k] = exp(2imtvk)

is proportional to e, :

y[k] = H(v) ey [K].

The weight is given by the discrete-time Fourier transform of h:

H(v) = ) hlk] exp(—2imvk) (67)
kezZ

Proof. (Continuous case) Let T € R. Note that e * 61 = exp(i271fT)ey. By temporal
invariance and linearity of S, we therefore have:

S(ef) x0—r = S(ef *6-7) = exp(i27fT)S(ef).
It comes that
VT, S(er)(0+ 1) = exp(i27fT) S(ef)(0),

that is, S(ef) = S(ef) (0) ef. So ey is an eigenfunction of S.
In the case where S admits an impulse response 1 € L1, the eigenvalue related to e ¢ is
given by:

S(ef)(0) = (e +1)(0) = /R h(t) exp(—2im ft)dt.
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Note that in the discrete case, the signals e, and e,, are identical for
n € Z, and that H(v) is periodic with period 1.

Going further...

In the theoretical viewpoint, the frequency response of a filter can be measured by
applying the filter to a complex exponential, and measuring the factor by which it is
amplified or attenuated, and phase shifted. This is impossible in real life since com-
plex exponentials have infinite support. However, in the case of stable and causal
filters whose impulse response / is L', the response to a complex exponential for
positive times (¢f1R, ) tends to the exponential response ¢; when # tends to infinity.
Indeed, the difference between the two responses is given by:

S(ep)(t) — S(eflg, )(t) = S(eflr_)(¢) :/H{ef(t_T)h(T)]l]t,—koo[(T)dT

which tends to 0 when f — 400 by dominated convergence.

We can therefore measure the frequency response by introducing a complex expo-
nential from t = 0 in the system, and waiting for extinction of the transitional
regime.

2.6 CONCLUSION

The links between linear time invariant systems and the Fourier transform
are of paramount importance in signal processing. They justify the fre-
quency analysis of systems (for example, plotting Bode diagrams, which is
nothing but determining the eigenvalues of a system). Indeed, knowing the
frequency response H(f) of a system, one can reconstruct its impulse re-
sponse using the inverse Fourier transform, and therefore predict its action
on any input signal. Chapter [3| recalls important properties of the Fourier
transform, that are useful for analyzing linear time invariant systems.

For continuous time systems, the link between impulse response and fre-
quency response was given here only when the impulse response is an in-
tegrable function. Let us stress that many filters admit an impulse response
that is not integrable, especially those given by a distribution (think of the el-
ementary case of time delay systems, whose impulse response is a translated
Dirac distribution). The extension of the Fourier transform to tempered dis-
tributions is also covered in chapter [3} allowing frequency analysis of these
systems.



FREQUENCY DOMAIN REPRESENTATION

Fourier transforms are linear transforms applying to continuous and discrete
time signals. They make it possible to represent signals in the frequency do-
main. For example, the content of audio signals can be easily interpreted
when signals are expressed in the frequency domain. The frequency rep-
resentation also simplifies many signal processing tasks, since convolution
in the time domain leads to a simple elementwise product in the frequency
domain. Frequency analysis consists of finding a decomposition of the form

x(t) = [ X(f) explainst) df (68)

which can be interpreted as a decomposition of a signal x on the space of
complex exponentials ef : t > exp(2imft). can be seen as an ex-
tension of Fourier series representation (well-known in the case of periodic
signals) to non-periodic signals and distributions.

Chapter organization

We will successively introduce the four Fourier transforms:

+ The continuous-time Fourier transform, for a continuous time signal
x(t) of infinite support.

« The Fourier series representation, for a continuous time signal of com-
pact support (or for a periodic signal).

« The discrete-time Fourier transform, for a discrete time signal x[k]
with infinite support.

« The discrete Fourier transform, for a discrete-time signal of finite sup-
port, represented as a vector x € CN.

These transforms will be applied to linear filtering and spectral analysis.
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3.1 CONTINUOUS TIME FOURIER TRANSFORM

The Fourier transform (FT) of a signal

x: R — C
t = x(t)

is the function Fx : R — C defined[]by:
Vf R, Fx(f) = / 27t () dt. (69)
R

Similarly, the conjugate Fourier transform of a signal x is the function F*x :

R — C defined by:

VfeR, Fx(f) = /IR 2 x(1)dt. (70)

The modulus | Fx(f)| is most often used to give a graphical representa-
tion of the Fourier transform, called spectrum of signal x. However, two
signals can have the same spectrum and be significantly different in the time
domain.

Notations. Fx(f) should be understood as (Fx)(f). When it is neces-
sary to make explicit the dependence of x with respect to t, we will write
F{x(t)} (f). We will very often use the short notation X := Fx. Thus,

VFER, X(f) :/Re_szt x(H)dt. (71)

Remark. When x is not in L'(IR), integrals and are possibly
divergent. These definitions are no more valid. We will see though that the
FT definition can be generalized to a large class of signals.

We start by defining the Fourier transform in L!(IR), before addressing
the extensions to L?(IR) and to tempered distributions, in S’ (IR ). The reader
is redirected to the handout of CIP for proofs of the first theorems.

3.1.1  Fourier transform of signals in L!

The definition of FT is the simplest for x € L!(IR), because the integral
is defined at any point f. Note that for f = 0, we have:

X(0) = /]R x(t)dt. (72)

Note also that the FT of an even function (x(—t) = x(#)) is an even function
(X(—f) = X(f))- Similarly, the FT of an odd function is an odd function.
Moreover, if x real-valued, then X has Hermitian symmetry: Vf, X(—f) =

X*(f)-

1 The alternative definition is sometimes found: X (w) = \/% Jrexp(—iwt) x(t)dt.
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Theorem 3.1. Let x € L. Its Fourier transform satisfies:
e X e L%,
- X (b,

* (Riemann-Lebesgue) | lim X(f) =0,

f|—o0

« Ifx € L' and supp(x) is bounded, then X € C*(R).

According to Theorem the FT of a signal in L! is continuous and
bounded. However, X is not necessarily in L1, as shown in the example
below.

Example 3.1 (Rectangular window). Let x = ]l[_ 1] We calculate
272

X(f) = /[

where the sinc function is defined by

e—ZiTL’ft dt = TSlnc(Tnf) (73)

NN

3]

sin(f) .
sing(0) := { i ;{ Zig (74)

The FT of the even rectangular window is real valued, but not in L' (RR).
It vanishes at f = X, k € Z*. X(0) = T is equal to its integral, see (72).

1
-5 -4 -3 -2 -1 0 1 2 3 4 5
f

Figure 10: Rectangular window of width 2 and its FT. The FT is a sinc van-
ishing when f is multiple of 1/2 (and non zero).
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Table 1: Fourier transform properties.

[ =z ] Z(f) |
Linearity (ax 4+ By) () aX(f) + BY(f)
Time-dilatation / Contrac- x(ot) |37| X i:)
tion
Duality of FT (FX)(t) X(—f)
Product x(£)y(t) (X*Y)(f)
Convolution (xxy)(t) X(f)Y(f)
Delay x(t— 1) e~ 27m0f X(f)
Modulation e?imfot x t) X(f = fo)

(
Differentiation xM(t) (2if)"X(f)
Product by " t"x(t) FxM(f)/(=2im)"

Properties

The main properties of the FT are listed in Table[1]and proved in appendix. It
is worth noting that the FT of a time-dilated signal is the contracted version
of the FT of the input signal, with the same expansion/contraction factor
(@, 1/a). Tt should also be noted that the FT of a convolution product is
equal to the entrywise product of FTs. Conversely, the FT of a product of
functions is equal to the convolution product of their FTs. An important
case of application of this result is the following: the FT of a delayed signal
is equal to the modulated version of the FT of the starting signal (and vice
versa). These results are deduced from those on the FT of the convolution
product and the entrywise product, noting that x(t — 79) = (d, * x)(t).The
FTs of 6, and ey, (t) = €™/ are given in Table

A fundamental property is that the conjugate Fourier transform F™* is the
inverse Fourier transform operator.

Theorem 3.2. if x € LY(R) and Fx € LY(R), then we have
F*Fx(t) = x(t) almost everywhere.

The inverse Fourier transform is therefore written:

x(t) = [ SX(f)f. 75

3.1.2  Fourier transform of L? signals

The Fourier transform extends to an isometry from L?(RR) into L?(IR).
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Definition 3.1. Let x € L?(R). We define x,, = XL, ) forn € Z.
The FT of x is the limit in L?:
12
X = lim X, (76)
n—oo
of the Fourier transforms X,, of functions x, (seen as L' functions). The
conjugate Fourier transform extends similarly.

The reader is redirected to the CIP course for more details. The main
properties are listed below.

Theorem 3.3 (Plancherel-Parseval). The FT is an isometry from
L%(R) into L?>(IR). It preserves the norm and the inner product:

« Vx € LX(R), [IX]| = |||
cVx,y € LZ(IR)/ (X/Y) = (X,y).

J

The first property can be interpreted as the conservation of energy (E; =
|x||> = Ex) whatever the representation, time or frequency, chosen for the
signal.

Theorem 3.4 (Inverse Fourier Transform). For all x € L2*(R),
FF*x = F*Fx = x almost everywhere.

3.1.3 Fourier transform in S’

The FT properties on the Schwartz space S(IR) (see definition (24)) are key
ingredients towards the generalization of FT to distributions. First, let us
note that S(R) C L2(R) N L!(R). Moreover, unlike D(R), S(IR) is stable
by Fourier transform (cf. handout of the CIP course).

Lemma 3.1. V¢ € S(R), Fp € S(R).

This is the reason why we consider the space of tempered distributions
T € §'(R) to generalize the FT.

Definition 3.2. Let T € S'(R). The Fourier transform of T is the
tempered distribution FT € S'(R) defined by:

Vo € S(R), (F{T}, ¢) = (T, Fo). (77)

The space of distributions with compact support £’'(IR) being included in
S'(R), the previous definition is still valid for T € £'(R).
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Remark. is a generalization of the following lemma to distributions.

Lemma 3.2. ifx and ¢ € S(R), then Fx ¢ and 9Fx € L} (R), and

Fxo= / xF .
JoFro= f e
(F{T}, @) in (77) plays the role of [, Fx ¢ here.
Let us now apply the definition to the calculation of the FT of the Dirac

distribution.

Example 3.2 (FT of a Dirac). Let fo € R. For ¢ € S(R),

<‘7:(5f0' §0> = <5f0'ffp> = (-7:4’)(](0) = /]Re_szot(/)(t)dt = <e*f0' (P>'
We thus have
‘F(Sfo =e_f- (78)

Specifically, for fo = 0,

Fo=1g. (79)

Theorem 3.5 (Inverse Fourier Transform). The FT is an isomorphism
from S'(R) into itself, and the inverse Fourier transform F~! = F*
is the distribution defined by:

Vo € S(R), (F*{T},9) = (T, F"9).

Example 3.3 (FT of complex exponentials). Let fo € IR. Repeating the
calculation in the previous example with the inverse FT, we find F*57 =
€fys hence

fEfO :ff*éfo :5f0' (80)

It follows that the FT of the distributions associated with the trigonometric

signals are given by

_ - )
F {cos(27tfot)} = ]—"{efo +2€ f“} = f°2+ fo

—e_ 6_p—90
F {Sin(Zﬂfot)}ZF{% - fO}: hh,

When fo = 0, we get:

Flr = 6o = 6.
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magnitude
o
o Ul =
T
|

| | |

|
-4 -3 -2 -1 0 1 2 3 4
f

Figure 11: Function ef, (t) = exp(2irtfot) for fo = 1: time variation of the
amplitude and the phase, plot of its FT.

f

Figure 12: Function cos(27tfot) for fy = 1: time and frequency
representations.

The calculation of the FT of a Dirac comb is based on the following lemma.

Lemma 3.3 (Poisson summation formula). For ¢ € S(R) and T > 0,
we have

% > ¢ (Z;) = Y. Fo(kT). (81)
kez kez
Proof. The proof can be found in the CIP booklet with weaker assumptions:
1. ¢ € LI(R)NCR),
2. M >0,3a >1:Vx € R, |p(x)|(1+ |x]*) < M,
3. Yikez [Fo(kT)| < oo.

The assumptions are all met for ¢ € S(RR), since:
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1. S(R) € LY(R) NC*®(R),
2. ¢ is rapidly decreasing, see (24).
3. according to Lemma F¢ € S(R). Fe¢ is thus rapidly decreasing.

O
Theorem 3.6 (FT of a Dirac comb). Let T > 0. Then the Dirac comb
W satisfiesLUy € S’(IR). Moreover, we have:
Fllr = ! NN 8
T = Fly (82)
Proof. By applying to the test functions ¢, we have:
1 1 k
Vo e SR, 1wy, 9 =1 o (7)
T "7 T ké T
=) (Fo)(kT)
keZ
= (Wr, Fo)
= (Flr, ¢)
hence the equality (82). O
o T T T T T T T 7
LITTtrrtretrIeees
0 | | | | | | |
-4 -3 -2 -1 0 1 2 3 4
24 [ A [ A [ A [ A
1 - .
0 | | | | | | |
-4 -3 -2 -1 0 1 2 3 4
f

Figure 13: Dirac comb: time representation LLIr and frequency representa-
tion %LI_I% forT = %

3.1.4 Some classical examples

The most classical results are summarized in Table 2l We now detail two
classical calculations.
The first is the FT of a triangle function. Let

Arrr(t) = ( - |itr|> L_r7(t) (83)



3.1 CONTINUOUS TIME FOURIER TRANSFORM

Table 2: Classical Fourier transform identities. Notice the symmetry of the
expressions (lines 1-2, 3-4, 5-6, 7-8) due to the duality property of
the FT: (FFx)(t) = x(—t).

| x [xe...]| X |
Y 1) LY(R) | f+ 2Tsin.(27Tf)
; 1
t— sing (27 fot) L? (R) Tﬁﬂ[—foffol
1R S'(R) 5
4 S'(R) Ix
t — exp(2intfot) S’'(R) 5,
Ony S'(R) | f— exp(—2intf)
o_ o
t — cos(27mfot) S'(R) foz+ fo
op —0_
t — sin(27fot) S'(R) fo — fo
W S'(R) F,
E g\/lﬁ exp(—%) LYR) | f — exp(—2027*f?)

be the "triangle" function centered at 0, with amplitude 1 and support [—T, T|.

Since

1
Aern =7 (ogp*1pp) (84)

and the FT of a rectangular function is known, see (73), the property on the
FT of the convolution product yields:

FA_pq(f) = T sing (Trf). (85)

o o
N
[
|

Figure 14: A_7,7) function for T = 1: time and frequency representations.
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The second calculation is the FT of a cardinal sine. We set s(t) = sin.(7t).
According to the duality property of the Fourier transform (see table [2) and
since the indicator function ]l[_ 1 is even,

3]

=5, the previous equation rereads Fs = ]l[i% 1 ie.,

Nl—=

11
272
Since .7:11[71 1

272

F{sinc(mtt) }(f) :]1[_%,%](f). (86)

Applying the dilatation / contraction property with & = 2fy, this result
generalizes as follows (for fo > 0):

F{sinc(2rtfot) } (f) = 2}0 L1y (2;))

1
= % ]l[—forfo] (f)- (87)
3.2 FOURIER SERIES REPRESENTATION
3.2.1 Signals with limited support
The Fourier series representation theorem is stated for signals with limited

support in the interval [0, T]. The space L?([0, T]) is endowed with the inner
product (x, y) = 7 [io ) xy* dA.

Theorem 3.7. Any signal x € L*([0,T]) can be decomposed in the
Hilbert basis of L([0, T]) formed by functions:

e - [O,T] —C

.kt
t — exp (Zlﬂ'T) .

x=) cre (88)

keZ

The decomposition reads:

where

T
= (x,e) = % /0 exp <—2i7’cl¥> x(t) dt. (89)

We also have Parseval’s identity:

1

%3201y = = x(t)? dt =Y el (90)
2(01) — T 0.1] kEZZ

J

The series (88) converges in L2. Under certain assumptions, we have point-
wise and uniform convergence properties.
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Theorem 3.8 (Dirichlet). Ifx is piecewise C', then (88) is valid at any
point t where x is continuous. if x is furthermore continuous, conver-
gence of the Fourier series to x is uniform.

3.2.2 Periodic signals

The Fourier transform of periodic signals is defined in the sense of distribu-
tions. Consider a T-periodic signal x and its pattern x7 := xljg 1} over one
period. We can write Vt, x(t) = Y ycz x7(t — kT), or equivalently,

x =x7 * Wr. (91)

Assume that xy € L'(0,T), so that X € C®(R). According to Theo-
rem3.6] the Fourier transform of x reads:

1
X:F{XT*LUT}:XT?LU%.

Thus we have

X=Y cée (92)
keZ !
where
1 k
%= Xr (T)
1 /T .kt
=7 /0 exp (—ZZHT) x(t) dt (93)

are equal to the Fourier coefficients of x7 defined in (89).

Note that a periodic function has a spectrum formed of equally
spaced impulses according to (92). Conversely, we show in the next
section that the Fourier transform of a discrete time signal is periodic.

3.3 DISCRETE-TIME FOURIER TRANSFORM

The Fourier transform of a discrete-time signal (DTFT) x : Z — C is defined
by

YweR, Fx(v) =X(v) = Y x[k] e 2™k (94)

kez
whenever this series is convergent (especially when x € ¢!(Z)). When the
series is divergent, definition is no more valid. This said, the DTFT can
be defined for broader ranges of signals (in £2(Z), for periodic signals) using
the distribution framework.
As for the continuous case, we write X := Fx, and use the notation

F {x[k]} (v) when the dependence of x on k needs to be explicited.
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Remark (normalized frequency, high and low frequencies). The
discrete-time Fourier transform is a periodic signal

X: R =» C
v — X(v)

of period 1. The variable v is called normalized frequency.

X(v) being 1-periodic, the low frequencies correspond tov = 0, but also to
v =l for { € Z. High frequencies correspond tov ~ % +0,0cZ.

It is common practice to display a graphical representation of | X(v)| over
one period, forv € [0,1] (with the highest frequency v = % in the center
of the figure, and the lowest frequenciesv = 0 and 1 on the left and right
edges) or forv € [—%, %] (with the O frequency in the center of the figure,

and high frequencies v ~ :I:% in the left and right edges).

3.3.1 Fourier transform of {* signals

In the case of /! (Z) signals, the DTFT shares the same properties as the FT
for the L! signals.

Theorem 3.9. Let x € (. The DTFT satisfies:
e X € L%

e X el

We also have, from the definition, that

X(0)= ) x[k]. (95)

Example 3.4 (Rectangular window). Consider the (discrete) rectangular
window of width 2N + 1 given by

N

1ol = Y dlk—n
n=—N
The DTFT writes:
N ' sin(t(2N+1)v) ifv #£0
F ]1 _ V) = e—217zk1/ — sin(m/) 1
{ | N'N]}( ) k:Z_:N { ON+1  ifv=0.

Note that the sinc function, obtained in the continuous case (see (73)) is now
replaced here by a ratio of sines.
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o Q @ @ 0 0 0 0 0 0
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Figure 15: Discrete rectangular window 1| nj: time and frequency repre-

sentations (modulus). As for any discrete time signal, the DTFT
is 1-periodic.

3.3.2  Fourier transform of {? signals

Theorem 3.10. The DTFT operator F is a (bijective) isometry from
02(Z) into L*([0,1]), which leads to the conservation of the inner prod-
uct and the energy (Parseval’s equality):

Vx,y € 6(Z), kgx[k] ik = /M X(v)Y* (v) dv

2 2
Vx € 62(Z), k§|x[k]| - /M X)) dv.

The inverse transform is given by

_ 2imtkv
x[k] = /[0,1[ X(v)e dv (96)

Remark. is nothing but the Fourier series representation of the (1-
periodic) function X = Fx. The coefficients of this decomposition are ex-
pressed as the inner products of X with the complex exponential signals, see
(96). X being 1-periodic, its energy is defined as the integral of | X (v)|? over
one period, such as [0, 1].

The main properties of the DTFT are summarized in Table[s] Similar to the
FT of continuous signals, the DTFT of a convolution product is the entrywise
product of the DTFTs of each discrete signal. Conversely, the DTFT of a
product is the circular convolution product of the DTFTs. X and Y being
1-periodic functions, the circular convolution ® is defined by:

WeER, (X®Y)(v) = /[0’1[ X(6) Y(v — ) dé. (97)
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Table 3: Properties of the Discrete Time Fourier Transform.

|z [ Zy) ]
Linearity ax[k] + By[k] | aX(v) + BY (v)
Duality FA{X(v)} [k X(—v)
Delay x[k — ko e 2k X (v)
Modulation 2ok x (k] X(v—wp)
Entrywise product x[k] y[k] (X®Y)(v)
Convolution (x*y)[k] X(v)Y(v)

3.3.3 Some classical results

Table |4l summarizes classical DTFT expressions. Some signals such as the
complex exponentials are neither in /! nor in £2, but in /. The definition
of their DTFT is (very) subtle and will not be further elaborated here. The
interested reader is referred to the book [5]. One should notice that the
DTFT of a discrete sinusoid is the sum of two Dirac combs, and that
the DTFT of a rectangular function is not a cardinal sine function, but a ratio
of sine functions.

Table 4: DTFT of classical discrete time signals. The DTFT signals are always

1-periodic.
| il R X |
S[k] (Kronecker function) | ¢1(Z) 1Ir
Sk — ko] MZ) | v exp(—2imtvko)

= sin(rc.(2N +1)v)
sin(7tv)

N
1w lk] = _Z_:Nﬂk —n] | 11(2)

1z[k] = i Ok —n] (*(Z) Ll (Dirac comb)

n——oo
exp(2imtvpk) (*(Z) Z dyy+¢ (Dirac comb)
leZ
1
COS(ZTL’VOk) £ (Z) 5 Z (5—v0+€ + 51,0_1_4)
1 leZ
sin(2mtvpk) >(2Z2) % Z (Ougtt — O—yptt)

leZ
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Figure 16: Complex exponential exp(2i7tvpk): time representation (magni-
tude and phase) and frequency representation for vy = 0.25. The
DTFT is 1-periodic.

Remark (Calculation method). For signals in 01, the DTFT is calculated
by formula (94). For signals not being in {1, one may combine the classical
results of Table[4 with the properties stated in Table[s: DTFT of delayed
signals, of modulated signals, of a linear combination, etc.

3.4 DISCRETE FOURIER TRANSFORM

The discrete Fourier transform (not to be confused with the DTFT) is a very
useful tool for digital signal processing from a practical point of view. Unlike
DTFT, it applies to a discrete signal of finite length, represented by a vector
x = {xo,...,xn_1} € CN.

Definition 3.3 (Discrete Fourier Transform). The Discrete Fourier
Transform (DFT) is the linear application

cN —» N
x — X=Fyx

where Fyy € CN*N is the matrix defined by

nk

Fyln k] = e 2% (08)

fornandk € {0,...,N —1}.

The DFT makes it possible to define a frequency representation X, n €
{0,...,N — 1} of a signal x with

N—-1
Xn = 2 FN[nrk] Xk
k=0

N-1 ik
=) 7N xp (99)
k=0
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Note that Fy is a symmetric Vandermonde matrix, whose inverse is equal
(within a multiplicative factor) to its conjugate.

Theorem 3.11 (Inverse DFT). The inverse transform of the DFT is
the linear operation x = nglx, where

1

F&l =N Fy. (100)
Thus, the inverse DFT reads:
1 N-1 -
Xk = 5 TR X (101)
n=0

fork € {0,...,N—1}.

Remark. can be interpreted as the representation of x in the orthog-
onal basis formed by the complex exponential signals of frequency 1y, de-
noted e, = {exp(Zin”Wk), k=0,...,N—1}:

N-1 1
X = Z (N Xn> €. (102)

n=0

Parseval’s theorem guarantees energy conservation in the time and fre-
quency domains (up to a multiplying factor).

Theorem 3.12 (Parseval). Forx € CN, we have ||Fyx||3 = N ||x|)3.

Proof.
[Fnx]l3 = (Fxx)* (Fyx) = x*FyFyx = x* (NDx = N|x3.
O

Note that matrix-vector product calculations such as Fyx and Fg,lx usu-
ally cost O (N?) elementary operations (additions and multiplications). How-
ever, there are fast algorithms (called FFT, for Fast Fourier Transform) allow-
ing to perform these calculations in O (N log(N)) operations, by exploiting
the particular structure of matrix Fy;.

3.5 APPLICATION TO LINEAR FILTERING
3.5.1 Filtering in the frequency domain

Consider a linear convolution filter of impulse response /1. The input-output
relationship reads y(t) = (h * x)(t) or y[k] = (h * x)[k]. This relationship
is simplified in the frequency domain because the FT (DTFT) of a convolu-
tion product is equal to the entrywise product of the FT (DTFT).
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Continuous time filters

Definition 3.4 (Frequency response). The input-output relationship
of a filter is written in the frequency domain in the form:

VfeR, Y(f) =H(f) X(f) (103)

where H(f) = (Fh)(f) is called frequency response or transfer

function.

Any complex exponential ey is an eigenfunction of a filter (see section .
The related output reads:

y = H(f) ef. (104)

The modulus and phase of H(f) can be seen as the gain in magnitude and
the phase shift undergone by the signal ¢; when passing through the filter.

Example 3.5. An ideal low-pass filter is characterized by the frequency
response H(f) = 1_¢, (f), where f. refers to the cutoff frequency. This
filter eliminates the high frequencies corresponding to the discontinuities
(jumps in signal values) and the noise contained in the signal. So, the filter

provides a smooth form of the input signal. According to Table[2] its impulse
response reads:

h(t) = 2fsing (27 f.t).

The filter is neither causal nor with finite impulse response (hence the name
"ideal”). In practice, windowing techniques are used to design a causal and
stable filter whose frequency response is a good approximation of 1|, ¢).

Discrete time filters

Definition 3.5. The input-output relationship of a discrete-time filter
can be written in the frequency domain as:

Vv, Y(v) = H(v) X(v) (105)

where H(v) = (Fh)(v) is the frequency response. The DTFT being
periodic, they are calculated over an interval of length 1 (generally, for
ve[0,1[orv € [-1,3])
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Definition 3.6. A digital filter is called:

e high-pass if high frequencies are preserved:
H(v) #0 for v. <|v| < %
and low frequencies are eliminated:
H(v) =0 for |v| <w,,
denoting v. € (0, %) the cutoff frequency;

e low-pass if low frequencies are preserved (H(0) # 0) and high
frequencies are eliminated (H(£3) = 0);

e band-pass if frequencies within a certain range are preserved
(Hv) #0 < |v| € [11, 1] with0 <11 < 1p < %);

e band-stop if frequencies within a certain interval are eliminated
(H(v) = 0 <= |v| € [v1,10] with0 <11 <15 < 1).

J

Example 3.6. The derivative filter is defined by y[n] = x[n] — x[n — 1].
Its impulse response reads:

hlk] = 6[k] — o[k — 1] (106)

(see section m The support of h is therefore equal to {0,1}. Let us
compute the frequency response of the filter:

H(v) = h[0] 4+ h[1] exp(—2imv)
=1—exp(—2inv)
= 2i exp(—inv) sin(7mv). (107)

h is a high-pass filter because H(0) = 0 and the maximum values of
|H(v)| are reached for |v| = 1/2.

Example 3.7. The moving average filter is defined by

y[n| = 2L1+1 kz x[n —kJ.

=L

We can show that its frequency response reads:

sin(27t(2L + 1))
(2L + 1) sin(7tv)

H(v) =

It is a low pass filter.
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Figure 17: Impulse and frequency responses of the derivative (left) and mov-
ing average filters (right). These filters are low pass and high pass,
respectively.

Difference equations
Some IIR filters are characterized by difference equations such as:
p
vk, ylk] =Y agylk — €] + x[k] (108)
/=1

where p is the order of the filter. Then, the following signals are equal:

p
y=)Y aryl- —{+x
=

The impulse response of the filter being of infinite support, it is hard to
evaluate. On the other hand, the frequency response H(v) can be simply
calculated. We apply the property of the DTFT on delayed signals (see Ta-

ble E[):

Y, Y(v) = i ape VY (1) + X(v). (109)
(=1

Identifying this expression with (105), we get:

1
Vv, Hv) = =TT (110)

3.5.2  Synthesis of FIR filters using the DFT

Consider a causal FIR filter, and let p be the size of the impulse response.
The input-output relationship reads:

p—1
yln] =Y hex[n— k.
k=0

We use the DFT to calculate the frequency response of the filter, (Fh)(v),
for specific v-values.
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Figure 18: Calculation of the frequency response of a FIR filter. Right: the
DTFT (Fh)(v) is shown in continuous line. Its DFT-evaluation
(for 4 and 20 frequency points, respectively) is in red. Zero-
padding (bottom figures) improves the frequency representation.

The DFT operates on the vector h = {hy, k =0,...,p —1} € C*. The
DFT output vector H = Fph (see (99)) coincides with the evaluation of
(Fh)(v) for frequencies that are multiple of %:

vne{0,...,p—1}, H, = (Fh) <Z> (111)
So, Fh is calculated on a frequency grid whose step (equal to the spacing
between two points on this grid) is %
The zero-padding technique consists of artificially adding zeros in vector
h in order to improve the frequency representation. Let us denote h’ =
{h,0p_,} € CM the vector formed by adding M — p zeros to the end of
the vector h (with M > p). The DFT H' = Fyh’ evaluates the frequency
response on the grid of step %:

Vm € {0,...,M —1}, H, = (Fh) (%) (112)

The effect of zero padding is illustrated in Fig. [18} the number of frequency

points considered is much larger using zero padding. This yields an obvious
accuracy improvement in the DFT plot (in red).

Once the frequency response of the filter has been calculated, we can cal-

culate the frequency representation of the output y = h * x associated with

a given input x, using the formula Y(v) = (Fh(v)) X(v). Care should
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8 10

Figure 19: Rectangular windowing: x(t) = s(t) 14 (t). The observed sig-
nal x is shown in green.

be taken to calculate the DTFT X(v) on the same grid as the grid used to
calculate (Fh)(v), ie., a grid of step 77 according to (112).

3.6 SPECTRAL ANALYSIS

Spectral analysis consists of decomposing a signal as a sum of sinusoids.
This is a classical problem encountered in various fields ranging from sound
analysis to radar source localisation, and analysis of the light emitted by
stars in astrophysics. The Fourier transform is the natural tool to carry out

such decomposition.

3.6.1 Time windowing of continuous time signals

In practice, the signal x(t) that we want to analyze has been observed for
a finite duration, for example for t € [—%, %] We can therefore model it
as the product of a stationary ideal signal s(t), corresponding to an infinite

horizon, by a rectangular window:
x(t) = s(t)ﬂ[_%%](t). (113)
From the properties of the FT, we get:

=S« {T sin.(nT f)}. (114)

For instance, consider the sine signal s(f) = cos(27fot), whose FT is
S=13(64+0_p). rereads:

N~

Vf, X(f) = 5 (sine(nT (f = fo) ) +sine(nT (f + fo) ). (115)

Graphically, the Dirac impulses at f = = f; are replaced by cardinal sines,
still centered at =+ fy. Their main and side lobes are shown in Figure
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0
f
Figure 20: Sinusoid with a rectangular window: time and frequency
representations.
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Figure 21: Hann window: time and frequency representations (modulus).

In the case of signals whose content are richer than a simple sinusoid, the
presence of multiple side lobes and their superposition yield a difficulty in
distinguishing close frequencies.

The effects of rectangular windowing can be somehow reduced by replac-

ing with:
VteR, x(t) =s(t) wp_g %](t) (116)
where w1 1] (t) is the triangular window A[_1/; 1 /5] defined in (83), or
2/2 ’
an alternative window of specific shape like the Hann window:

7t

0 = cos? () 1550 (117

shown in Fig. These windows are of width T and yield a fast decay of

side lobes (in f% or f% respectively). On the other hand, the width of the

N
N~

I

main lobe is large (%), see Fig. In comparison, when using a rectangu-
lar window, the width of the main lobe more narrow (width of %) and the
magnitude of side lobes decreases more slowly (in Jlf).
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Figure 22: Windowing effects on a sinusoid: rectangular (continuous line),
triangular (black dotted line), Hann (yellow dotted line) windows.

3.6.2  Spectral resolution

The concept of spectral resolution is related to the ability to distinguish close
sinusoids, or more precisely, complex exponentials at close frequencies. The
spectral resolution is influenced by the truncation window considered.

Definition 3.7 (Spectral resolution). Let s and sy be two complex ex-
ponentials of same magnitude, of respective frequencies f1 and f», de-
fined over an observation window of duration T. The spectral resolution
is the minimum frequency gap for which s1 and sy can be distinguished
by Fourier transform, regardless of the phase shift.

For a rectangular window, the spectral resolution is equal to %, i.e., both
complex exponentials can be distinguished as long as

2
|fi— f2] 2 T (118)

For a mixture of more than two exponentials, the rule (118)) is applied
to the minimum difference between the frequencies of two of the expo-
nentials.

The result illustrates that one can distinguish more easily two com-
plex exponentials of close frequencies when the observation time is long
enough. The formula results from the expression of the Fourier trans-
form of the rectangular window: Tsin.(7tTf), see (114). The width of
the main lobe of this signal is equal to % because sin.(7tT f) vanishes for

1
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Figure 23: Frequency representations of a discrete signal of length N = 10.
Right, the DTFT X(v) is plotted in continuous line. Its evalu-
ation by DFT is in red. The computation is realized for N fre-
quency points(top figures). For a computation with M frequency
points(M > N), we use zero-padding by adding M — N zeros to
the signal x[k] (M = 25 bottom figures).

3.6.3 Time windowing of discrete time signals

For any discrete signal s[k|, the principle of windowing remains valid. The
windowed signal is expressed by:

Vk € Z, x[k] = skl wyq,. N1y [K] (119)

where w(o N1y is a discrete version of the previous windows (rectangular,
triangular or Hann) of length N.

To compute the DTFT of x on a computer, we only keep the points k
for which wyo  n_13[k] # 0. We therefore have a vector x = {xi, k =
0,...,N —1} oflength N, denoted x; = x[k|. The zero-padding technique
introduced in section consists of artificially adding M — N zeros to
this vector, for M > N. The DFT of the augmented vector x provides an
evaluation X € CM of Fx(v) on the frequency grid

m

Vn:M' m=0,... M—1

of step ﬁ Let us denote X = TFD(x). By locating the position, magnitude

and phase of the local maximizers of | X,
of the sinusoids contained in the input signal s[k].

, we can retrieve the parameters
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The benefit of zero-padding is illustrated in Fig.[23] when M = 2N. There
is a noticeable gain in accuracy while locating the frequency of the discrete
sinusoid.

3.7 CONCLUSION

The Fourier transform is a fundamental tool to analyze stationary signals.
Many signals are not stationary. More sophisticated tools are used such as
the short-term Fourier transform or the wavelet transform. Finally, the FT
plays a major role in understanding time-sampling of continuous signals.
This operation is necessary for transmission, storage and reconstruction of
time signals and will be detailed in the next chapter.

APPENDIX

The FT properties will be exhibited for L! functions.

Linearity. Let z = ax + By.

2(F) = [ e (wx(t) + py(t))
— /R e 2ty (1)dE + B /R e 2fly (1)dt
= aX(f) +BY(f)

Time dilatation. Let z(t) = x(at).

7(f) = /R 27t (ah)dt

; 1

— / =27 (0)— do

R |
_1x(!

ol \a /)

Duality of the FT. The inverse Fourier transform is given by
x(t) = / 2 X () dy.
R

Hence, we have

x(=t) = [ e E X () = (FX)(1)
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Convolution product. Let z = x x .
zq):/eJWﬂ/xwwu—emmu

R R

:/ / e~ 2y () y(t — 6)dodt
R JR

:/ / e 2T f(1=0)p =270 (9)y (t — 0)dOdt
R JR

:/ e‘szex((?)/ e 2 (t=0)y (+ — 9)dtde
R R

= / e 205 (9) /e_Zi”ny(T)deG

_ / 217'(f9 d9/ 217TfT

Y(f)-

Entrywise product. Let z = xv.
2(f) = [ e @ity ()t
= [ e ( /. ezj”t”fx(n)dfo y(t)dt
= [ (2 mytoar) Fxonay

= | Fy(f =) Fx()ay
= (X Y)() (Fyx Fx) (f)

Time-delay. Let z() = x(t — 7). We can calculate:

zgy—/e%ﬂf(—ﬂm
_/ —217‘[f 9+T )d9
:efszr/ e*ZlT(fo(G)de
R
— e—ZiTL’fT X(f)

We can find the same result more directly, by noting that z = 7 * x, and
exploiting the property on the FT of a convolution product:

Z(f) = (For) ()X(f) = e 2T X(f)

Modulation / Frequency Translation.

Flepx)(f) = [ e M (emhix(r)) at
—/ e 2im(f=fo)t (t)dt
= X(f = fo)-
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We can find the same result more directly by exploiting the property on the
FT of an entrywise product:

]—"(ef0 x) = (]—'efo) * X =op* X.

Derivative. The FT is defined if lim; ,o x(#) = 0. An integration by
parts leads to:

FLH() = [ e

R
= ah—>ngo (e’Zi”f“x(a) - esz”x(—a)) + /R(Zinfe’szt) x(t) dt
= (2irf) X(f)

By induction, we conclude that

F{Y () = @irf)"X(f).

Multiplication by t". The derivative of the FT is

X'(f) = ‘;c /R e 2ty (1)dt

(—zm);; /R e 2ty (1) dt
= (=2im) F {tx(t)} ()
Hence we have F {tx(t)} (f) = %X(f) The property

FAO}) = 3 X

is shown by induction.






SAMPLING AND RECONTRUCTION

Digital processing of a signal coming from the real world, requires the sig-
nal to be represented in discrete form, i.e.,, a sequence of numbers (real or
complex), that can be stored in the memory of a computer.

The concept of time discretization of a (continuous time) signal has al-
ready been introduced in the mathematics course:

« in CIP, the existence of orthogonal bases of separable Hilbert spaces
was established. For example, there is an isomorphism between func-
tions in L2([0, 1]) and the sequences in ¢?(Z) given by Fourier series.

« in PDE, discretization by finite elements or finite differences was ad-
dressed, where the regularity of functions (in the C¥ sense or within
Sobolev spaces) allows one to establish convergence of the discretiza-
tion to the target continuous function.

In this course, the discretization of signals is addressed from the sampling
point of view, which targets the following question: under what conditions
is it possible to reconstruct a continuous time signal x(#) from its values x,
at certain times ¢, ?

In the case of uniform sampling, we will see that a signal can be perfectly
reconstructed from its samples when its Fourier transform has compact sup-
port, provided that the sampling frequency is large enough.

4.1 TIME SAMPLING

Definition 4.1 (Time sampling). Sampling is the construction of a
discrete-time signal x4(n| from a continuous time signal x(t). We will
limit ourselves to uniform sampling, that is, given a sampling period
Ts >0,

xq[n] = x(nTy). (120)

We also define the sampling frequency fs = 1/ Ts.

Obviously, the signal x has to be continuous, otherwise equation (120)
does not make sense. We assume that x(t) is such that its Fourier transform
is in L'(IR). We know indeed that the inverse Fourier transform of an L'
function is continuous and bounded. So, x(f) is continuous and bounded.
Consequently, the discrete signal x; lays in (% (Z).
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Figure 24: Sampling at f; = 4 Hz. Left: signals x, x|, and x,;. Right: their
spectra. The FT X,,(f) is fs-periodic. It is equal to X(f) on
[—fs/2, fs/2] up to a multiplicative factor. X;(v) is 1-periodic.
The graphs of |X,,(f)| and | X;(v)| are identical up to a scaling
factor.

We further define the signal

Xy = Z x(nTs)dnT, (121)
nezZ

which can be rewritten as the product of x and the Dirac comb LLr,:
x, = Wr.x. (122)

The signal x,;, makes it possible to link the continuous time signal x(t)
and the discrete-time signal x;[n] since

Xy = 2 x4[1)0nT,. (123)
nez

The left column of figure 24| displays a representation of these three signals.
The following theorem relates the FT of x, x;, and x; :

Theorem 4.1. Let x(t) be a signal whose Fourier transform X (f) is
in L1. Define x,,, and x4 as above. The Fourier transform X, of x,,, is
given by:

=f ) X(f—nfs) (124)

nez
and the discrete-time Fourier transform of x; is given by :

v) = fs Z X (vfs —nfs). (125)

nez

Lok

The series converge in the L' sense on the intervals |=%,%5[ and

]—3, 3[, respectively.
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Figure 25: Sampling at f; = 2 Hz. Left: signals x, x|, and x,;. Right: their

spectra. In the spectrum |X,;,(f)
|X(f)| overlap (spectral aliasing).

, the copies of the spectrum

Proof. X, is the FT of the product of L7, and x. It is therefore equal to the convolution
of the FT of both signals. According to theorem|[3.6|on the FT of a Dirac comb,

Xulf) = (g <X) ()= f X7~ ).

nez

N

InL(] - %, %[) the sequence N — Y X(f — nfs) is Cauchy because of the dom-
n=—N

inated convergence theorem. Since L!(] — %, % [) is completeness, the sequence is con-
vergent.
The second identity of the theorem is obtained by calculating the Fourier transform

of :

Xu(f) = Z‘ixcz[ﬂ]efizﬂfnr = Xa(fTs),

denoting v = fTs = f/ fs.

O

We will keep in mind that the FT of a signal sampled at frequency
fs is fs-periodic with the periodization pattern X(f) replicated every
fs. Conversely, the FT of a periodic signal is a line spectrum, see sec-

tion

Remark (Complex exponential signals). Theorem|[g.1|can only be applied
when the Fourier transform X lays in L'. One can, however, derive gener-
alized expressions when X is a distribution with compact support. Consider
the complex exponential signal x(t) = exp(2i7tfot). Then, X = &4, ¢ L.
Since x4[n] = x(nTs) = exp (21’71’% n), we calculate that (see Table:

Xg=) 05 .
nez 5

This result shares similarities with (125)) since the spectral line at f = fq in

signal X induces a spectral line at% —n foralln € Z in signal X;. Not
though that the weighting factor f; in does not appear anymore.

(126)
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Interpretation of Theorem

Sampling in time domain is equivalent to periodizing the spectrum of the
signal. For arbitrary signals, it is therefore impossible to reconstruct a sig-
nal from its samples, since many copies of the spectrum can overlap, thus
preventing reconstruction of the original spectrum. This is visible in Fig.

However, when the replicated versions of the spectrum (with shifts every
f5) have disjoint supports as in Fig. [24] it is possible to reconstruct the spec-
trum of the original signal. This observation is formally stated hereafter.

4.2 RECONSTRUCTION

Hereafter, we show that for any band limited signal in L2, if the signal is
sampled at a sufficiently small period, then it can be exactly reconstructed.

4.2.1 Band limited signals in [—B, B]

Definition 4.2 (Band-limited signal). A band-limited signal is such
that the support of its Fourier transform is a subset of |[—B, B] for some
finite B. We will denote by PWp the set of L? signals having a lim-
ited band in [—B, B]. PWg is therefore the pre-image by the Fourier
transform of the set of L? functions with support in [—B, B].

For example, the function defined by x(#) = sin.(7tt), where we recall
the definition of sin. given in (74) :

sin(0) .
sing(0) := g s f70
1 si f=0

satisfies x € PW1 because its FT is X = ]l[ 11 Using time dilation - con-
traction propertles of the FT, the function defined by xp(t) = sin.(27tBt)
with B > 0 satisfies xg € PWp since Xg = —]l[ B,B]-

Functions in PWp satisfy the assumptions of Theorem Indeed, the

FT of a function x € L? is in L2, moreover any function X € L2 having a
compact support is in L1,

4.2.2 Shannon’s theorem

Shannon’s theorem, also called the sampling theorem, is a fundamental
theorem guaranteeing that information contained in a band-limited signal
x(t) is conserved after time-sampling if the sampling period is small enough.
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Theorem 4.2 (Shannon’s theorem). Let x € PWg and Ts = 1/(2B).
Forallt € R, we have:

x(t) = Y. x(nT,) sin, <nt_T”TS) (127)
nez s
=Y x4[n] sin, <7t ! _TnTS>
nez s

Remark. Obviously, x € PWy implies that x € PWpg for B' > B. So, the
theorem remains valid for any Ty < ﬁ

Shannon’s criterion for a band-limited signal

For L? functions that are band-limited in [—B, B], it is sufficient to sample
at frequency

fs > 2B (Shannon’s criterion)

to perfectly reconstruct the signal x () from its samples x,;[1]. Except very
specific situations (e.g., holes in the spectrum), Shannon’s criterion is also a
necessary condition: sampling at frequency f; without error is possible for
signals whose having a limited band in [— f;/2, f;/2] only.

In the example of Fig. B = 1.5Hz and f; = 4 Hz. Shannon’s criterion
is met (f; > 2B). It is not met on the example of Fig. |25} where B = 1.5 Hz
and f; = 2 Hz (fs < 2B), hence the spectral aliasing phenomenon.

Interpretation of Shannon’s theorem

Equation (127) shows that x(¢) can be interpolated from its samples x;[n].
(127) can be interpreted as the convolution product of x,;, and sin.(7tt/ f;).
The FT of this convolution product is equal to the elementwise product of

the FT of x,,, and the rectangular window 1_p pj (FT of the cardinal sine).

Under the condition that x € PWjg, on can notice that in the sum (124)),
« For n = 0, the function f + X(f) has a support in [—B, BJ.

« For n # 0, the function f — X(f — nfs) has a support in [nfs —
B, nfs + BJ. This support does not intersect [—B, BJ.

The reconstruction formula can therefore be interpreted as a low pass
filter that cuts out high order frequency content (for | f| > B) introduced by
discretization.

Figures 26| and [27] display two reconstructed signals when the Shannon
criterion is satisfied or not.
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Figure 26: Case where Shannon’s criterion is satisfied. Reconstruction of sig-

nal x () using the sum (127).
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Figure 27: Case where the Shannon’s criterion is not satisfied. Reconstruc-

tion of signal x () using the sum (127).

4.2.3 Proof of Shannon’s theorem

The theorem can be interpreted as the decomposition of x in an orthogonal
basis of PWg. The theorem is proved in two steps:

1. Construction of an orthogonal basis of PWp ensuring convergence of

in L2,

2. Pointwise convergence analysis of the series.

Orthogonal basis of PWp

Lemma 4.1. The family of functions s, defined by

t—nT.
sn(t) = sin, <7‘c Tﬂs> , neEZ (128)
S
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is an orthogonal basis of PWpg. The coefficients x, of a function x € PWp
in this basis are given by:

Xy = x(nTs), (129)
and
x=Y xusp (130)
nesz.

in the L? sense, where Ty = %
Proof. We have so(t) = sinc(rcTiQ). Since s, (t) = so(t — nTs), we get

Su(f) = So(f) e 2mfnT:.

Furthermore, according to , the FT of s reads:

S0f) = 55 151 ()

The Fourier basis of L2([—B, B]) is given by:

nf

$u(f) = 500 (~27 35 ) 1y ()

The Fourier transform being an isometry, the inverse Fourier transform of signals S
yield a basis of PWp. That is, the set of signals {s,,, n € Z} is a basis of PWp. According
to Parseval’s identity,

1
Isnllts = Sule = J 1501 = 5

Moreover, the weights X, of X(f) in the basis {S, } of L? identify with the weights x,,
of x in the basis {s;,;} of PWp. These weights are given by:
(X, Sn) / ( . nf )
Xn = = X(f)exp (2imr == | d
TR T S <P \2 25 )

where X = Y .7 XSy in the L? sense. By interpreting the integral as the inverse
Fourier transform of X(f) evaluated at t = 55 = nTs, we find

xp = Xp = x(nTs).

Convergence of the series

We now prove pointwise convergence of the series. The family s, being an
orthogonal basis, we get

Ixl = X lenlPlISull = 5 X leal? (13)
nez nez
which shows that the sequence (x;,),cz is in £2(Z). Moreover, for all £, the
sequence (S, (t))necz is square integrable. By interpreting as the inner
product of (x,),ez and (s, (t))nez, we obtain the convergence of this series
using the Cauchy-Schwarz inequality.
We also show that the sum of the series is continuous. On the interval
t e [—TS , TS]:

. for all £, the sequence (x;, 5, (t)) ez is in £1,
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« forall n, t — x, s,(t) is continuous,

« forall t, |x, 5,(t)| < |xp| max(1, (7t(|n] — 1)) ~'). The upper bound
reads as an elementwise product of two 2 sequences, therefore it is
in /1.

Thus, the series is a continuous function on [—T;, T;]. We can repeat this
proof on any interval of the form [—Ts + kT, Ts + kTs] to prove continuity
on IR. The sum of the series being continuous, and equal to the continuous
function x(t) in the L? sense, the series converges pointwise to x.

Going further...

For signals whose Fourier transform is a distribution with support in [— B, B] (which
ensures continuity and at most polynomial growth), the theorem must be slightly
modified. The sampling frequency fs = 1/Ts must be strictly greater than 2B, and
the signal x(#) is reconstructed by the formula

VteR, x(t) = Y x(nTs)p(t — nTy) (132)

nez
where ¢ is chosen such that its Fourier transform & satisfies:
« deC®,
L ®(f) = 1/f for |f| < B,
C ®(f) = 0for |f] > fo/2.
The series can be written as x,, * ¢. Its FT reads:

Xu(H®(f) = fs Yo X(f —nfs) ®(f). (133)

nez

The conditions on the values of ® and the support of X(f) allow to select only the
term of the series for n = 0, i.e., to perfectly reconstruct X(f)

Moreover, regularity of ® is necessary to guarantee pointwise convergence of (132).
Indeed, the samples x(1T;) are no longer bounded, but only with at most polynomial
growth. The regularity of ® implies that ¢ decreases faster than any polynomial,
which guarantees convergence of the series.

4.2.4 Band limited signals in [A, B]

The sampling theorem (Theorem is stated for band-limited signals in
[—B, B]. The so-called “modulated" signals, having a support included in a
non-symmetric interval [A, B], can obviously be considered as band-limited
signals in [—C, C], with C = max(|A]|, |B|)). We can then apply the sam-
pling theorem for f; > 2C. Hereafter, we show that the bound f; > 2C can
be improved, allowing one to use a sampling frequency lower than 2C.

Shannon’s criterion for a modulated signal

Let x(t) be an L? signal having a limited band in [A, B]. Assuming that the
central frequency # is known, it is possible to reconstruct this signal from

the sampled signal x,[n] at a frequency f; such that:

fs > B—A. (134)
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Indeed, the so called “baseband” (i.e., unmodulated) signal is written:

y(t) = x(t) e BT = x(p) e AT, (139)
Using the properties of the Fourier transform (see Tab. [1| for the FT of a
modulated signal), we easily show that y(t) is band limited in [— 254, B54].

Shannon’s theorem applied to y(f) then guarantees exact reconstruction of
y(t) for fs > B — A:

y(t) = ) y(nTy) sinc(m(t — nTy)/ Ty).

neZ

Using (135), we get the reconstruction equation for x(#):

x(t) = Y x(nTy) sine(rt(t — nTy)/Ty) ™ ATBENT),

nez

Note that this formula involves A + B. Concretely, it is necessary to know
the value of the central frequency # to be able to reconstruct a signal

x(t).
4.3 SAMPLING IN PRACTICE

4.3.1 Anti-aliasing filter

The Shannon theorem assumes that the signal to be sampled has a spectrum
with compact support. This is not always the case in practice. Even when
the spectrum has a compact support, it is not always possible to use a high
enough sampling frequency. Sampling is therefore always preceded by a
low-pass filtering of the signal, which cuts out the frequency band above
fs/2. It should be noted that this filter is necessarily implemented in analog
form.

4.3.2 Practical reconstruction

The reconstruction formulas and raise several implementation
issues. Indeed, the reconstruction of x at time f requires the knowledge of all
the samples x(nT;), including those located in the future. Zero-order hold
is a simple technique allowing to approximate the signal to be reconstructed
by a piecewise constant signal, defined by:

f(t) = Z xd[n] jl[nTs,(nJrl)Ts[(t)' (136)

nez

Reconstruction at time ¢ only requires the knowledge of the sample at the
previous time nT;, where n = [t/Ts .

The zero-order hold model can be analyzed by writing ¥ as a convolution
product:

X =17 *xy (137)
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Figure 28: Zero-order hold reconstruction. The filtering of the signal in the
useful band and the replicates of the attenuated spectrum are vis-
ible on the spectrum.

The FT of ¥ is therefore given by

£(f) = Xu(f) (T ™ 2L, (139

The effects of zero-order hold are:
« the introduction of a time shift of duration Ty /2 (term e~ inf TS),

« afiltering of the signal in the useful band ((sin 77 fT;) / (7t f T;) is not

constant in the useful band),
« the presence of spectral aliasing attenuated in 1/ f.

The last two effects can be limited by the use of a low-pass analog filter
applied to ¥.

4.4 CONCLUSION

The sampling theory allows to link the Fourier transform of a continuous
signal x(t) and the discrete time Fourier transform of its sampled version
x4. We will first keep in mind that sampling a signal at a sampling period
Ts results in periodizing its spectrum with period f; = 1/T;. Moreover, the
information content of x(t) is preserved whenever the Shannon criterion is
satisfied, that is, when f; > 2B with B the maximum frequency contained in
signal x. In this case, we can (theoretically) perfectly reconstruct x(t) from
the values of x4[n], n € Z. When Shannon’s criterion is not satisfied, an
anti-aliasing filter (low-pass) is used prior to time-sampling. Here, the signal
reconstructed from the samples is an approximate version of the signal x(t),
containing its low-frequency components only.
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The deterministic signal theory reaches its limits when dealing with signals
whose values are not perfectly known (typically, one cannot use a function
from IR to IR). Random processes are powerful probabilistic models allowing
to characterize the statistical properties of signals and to elaborate process-
ing techniques exploiting these properties.

Consider a physical measurement (e.g., an audio recording) yielding a
noisy signal. Clearly, one cannot provide a deterministic mathematical model
that would perfectly explain the value of the noise at any time. Using ran-
dom processes, it is possible to characterize the statistical properties of the
noise and useful signal, thus allowing for signal denoising and reduction of
the noise influence (this process will be detailed in section|[6.5.3|of chapter|6).

Consider another example, in speech processing. Two sounds may seem
identical from an auditory viewpoint, whereas the related associated signals
have very different values. By studying the statistical properties of these
signals, one can classify sounds e.g., in speech recognition or synthesize new
signals that are very similar from an auditory viewpoint (speech synthesis).

5.1 DEFINITION AND CHARACTERIZATION OF RANDOM PROCESSES

Discrete time random processes are a generalization of random vectors to
deal with signal models having an infinite time support. On the contrary,
random vectors are defined from N scalar random variables. Therefore, they
can be used to model a signal of finite dimension.

5.1.1 Definition

We will restrict ourselves to discrete time random processes.

Definition 5.1 (discrete time random process). A discrete time
random process, denoted X,, is a sequence of random variables

{Xyu(w) }nez defined on a probability space (Q, F, P).

In signal processing, the index # usually corresponds to time or space.
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We call realizatio of the process X, the deterministic signal, denoted
x[n], induced from a realization of all random variables { X;,(w) },cz. Thus,
for a given w, we have:

VneZ, x[n=Xy(w).
It is important to make the distinction between:

« the random process, which is a sequence of random variables model-
ing time signals,

« the realization(s) of the process which are observed deterministic sig-
nals.

Practically, the realizations at hand are used to estimate the properties of
a random process. These properties are further exploited to improve the
quality of observed signals (e.g., noise suppression, signal deconvolution to
remove the blur introduced by a measuring device).

Remark. We also commonly use the terms stochastic processes or time
series to refer to random processes. A realization of a random process is
also referred to as a trajectory or observation.

Example 5.1. Here are three examples of random processes with a repre-
sentation of their realizations, see Fig.

1. Sequence of i.i.d. variables X,, = A, with A, ~ N (0,0?).
2. Constant process with random variable Y,, = A with A ~ N'(0,c?).
3. Modulation of amplitude by random variables

Zy, = Acos(2mtvgn) + Bsin(27tygn) where (A,B) ~ N(0,X).

Réalisations de X | Realisations de Y | Réalisations de Z

Figure 29: A few realizations of three random processes.

1 In statistics, we talk about data rather than realizations.

30
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Going further...

Continuous time random processes.

The most general definition of random processes is as follows.

Definition 5.2. A random process X (w, t) is an application defined by

X : OxT — K
(w,t) — X(w,t),
where
e (O, &, P) is a probability space,

e K is a topological or measurable space (usually, a real or complex
normed vector space),

e T isa set,
and such that for anyt € T, the partial application
QO — K
w — X(w,t)

is a random variable.

J

t is the variable of evolution of the signal, usually time or space. For fixed wy,
X(wy, t) is a realization of the random process. It is a signal depending on ¢ only.
Depending on the set defined by 7, we obtain a discrete or continuous time process:

» t € IR: continuous time process

« t € Z: discrete time process (we rather note X(w, n) with n € Z)

5.1.2  Finite-dimensional distributions

The law of a random process is fully characterized by its finite-dimensional
distributions for any order.

Definition 5.3 (Finite-dimensional distributions). For N > 0, the
finite-dimensional distributions of order N are the joint probability dis-
tributions defined for any (n1,ny, ..., ny) € ZN by

P(an S [al,bl],an € [Elz,bz],...,XnN S [ﬂN,bND.

J

However, this characterization is generally hard to derive and interpret.
It is therefore rarely used in practice.
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5.1.3 Gaussian process

Definition 5.4 (Gaussian process). A process is Gaussian if
its finite-dimensional distributions are all Gaussian: YN > 0,
v(”l/nZI et InN) € ZN;

(anl XHZI sy XﬂN) ~ N(]/l'rh,?lz,...,an Zﬂ],nz,...,ﬂz\])

or equivalently, if any (finite) weighted combination of X, is a
Gaussian random variable: YN > 0, V(ny,np,--- ,ny) € ZN,
v(“l/“zl e /(XN) S RN:

N
oY aiXy, ~ N(u,0?)

i=1

Notice that the fact that the marginal laws of X, are Gaussian is not suf-
ficient to ensure that the process X is Gaussian. One can construct a non-
Gaussian process whose random variables X, are Gaussian for all 7.

5.1.4 Mean and autocorrelation

We have seen that the complete description of a random process by its finite-
dimensional distribution is a rather complex task. We often limit ourselves
to a partial description using the first two moments: mean and autocorre-
lation. For example, one can distinguish different speech phonemes (such
as the a /f/ and /s/ sounds) from the first two moments of an audio signal.

A second reason for focusing on the first two moments is that for a Gaus-
sian process, they fully characterize the process. For non Gaussian processes,
they only yield a partial characterization.

Definition 5.5 (Mean). We define the mean (or first order moment)
of a random process X, by

Definition 5.6 (Autocorrelation). We define the autocorrelation (or
second order moment) of a random process X;, by

rx[l’ll,l’lz] =E (an X;;z) .

Remark. IfE(|X,|?) < o, the random variables X,, belong to the space
L?(Q), F,P). The autocorrelation rx[ni,ny] = E (X, X};)) rewrites as
the inner product between X, and X, in LZ(Q, F,P).
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px and rx are both deterministic signals. px[n] gives the mean value of
the random process at time 7 while rx[#1, 2] gives the correlation between
times n1 and 7.

For most random processes modeling physical phenomena, rx[n1, 1] de-
creases when |1y — 11| grows. Intuitively, this corresponds to the fact that
two samples taken at close times are more correlated.

Definition 5.7 (Cross-correlation). We define the cross-correlation
between two processes X;, and Yy, by

ny[nl, 712] =E (XerZ) .

Remark. The cross-correlation of a process with itself coincides with its
autocorrelation, since rxx[ny, na] = rx[ny, nal.

Definition 5.8 (Uncorrelated random processes). The random pro-
cesses X,; and Y, are uncorrelated if

Vg, ny € Z, rxy[ni,na] — px[ni|pyn2] =0,

or equivalently,

Vi, ny € Z, E((Xn, — px[m])(Ye, — py[n2])*) = 0.

Remark. IfZ = X + Y with X and Y uncorrelated and centered then:

rzln, na] = rx[ny, na] + ry[ny, ny).

Going further...

The centered second order moment is called autocovariance. It is defined as
E ((Xu; — px[n1])(Yn, — py[n2])*). The cross-covariance is defined likewise:
E ((Xu; — px[m1]) (Yn, — py[n2])*). If X, and Yy, are centered, their auto/cross-
covariance coincides with their auto/cross-correlation.

5.2 STATIONARY PROCESSES

Stationarity is a key notion. In a nutshell, stationarity means that the sta-
tistical properties of the process do not change over time. A trivial example
of non-stationary process is when the mean value px[n] is varying with
respect to 7.
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5.2.1 Strict-sense stationarity

Definition 5.9 (Strict-sense stationarity). A random process is strictly
stationary if its finite-dimensional distributions are translation invari-
ant: forallN > 0 andk € Z, the random vectors (X, ..., Xy, ) and
(Xuy4ks - - - » Xuy+k) have the same distribution.

Strict-sense stationarity may be difficult to establish and of limited inter-
est. Therefore, we will focus on wide-sense stationarrity.

5.2.2  Wide-sense stationarity

Definition 5.10 (Wide-sense stationarity). A random process is wide-
sense stationary (WSS) (or second order stationary or weak-sense

stationary) if:

* the mean is constant (it does not depend on time):
Vn, ux[n| = ux.

« it is of finite power: Vn, B(]|X,|?) < oo

e the autocorrelation depends only on the time difference between

both times considered:

Vg, ny  rx[ni, na] = yx[ng — nal.

Note that if X, is WSS, then IE(]| X,,|?>) = rx[n, n] is constant, and rx[n +
k,n] = E(X,14X;;) = E(X,X}_,). Hereafter, we will use the simplified
notation:

xlk] :=rx[n+k,n] = E(X,1xXy) (139)

for the autocorrelation function. Similarly, the cross-correlation between
two jointly stationary processes is denoted by:

rxy[k] = E(X 1Y), (140)

Summarizing, two functions should be distinguished:

« the bivariate autocorrelation function (defined for all random processes):

rx [111, nz] = ]E(XHIX%).

« the univariate autocorrelation function (defined only for stationary

processes): yx [k] = E(X,1xX}}).
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In the following, all processes are assumed wide-sense stationary. This im-
plies that their second order moments are finite. We will therefore use nota-

tions yx and yxy.

Definition 5.11 (Variance). The variance of a stationary process X,
is defined by:

0% = E(|Xy — px[?) = E(|Xa[*) — |ux|*

Definition 5.12 (Power). The power of a stationary process X, is the
value of the autocorrelation at zero:

Px = E(|Xul?) = 7x[0] = 0% + [px|*.

For a centered process, the power is equal to the variance.

Definition 5.13 (Signal-to-noise ratio). The Signal-to-noise ratio
quantifies the perturbation of a stationary process X,, = U, + Wy,
where U, is the noiseless signal and W), the perturbing noise. It is de-
fined by the ratio of the powers of U, and W,,. It is most often expressed
in dB:

E(|Ua|*)

SNRdB =10 loglo (W) . (141)

Property. The autocorrelation of a stationary process is finite and max-
imum at zero:

Vk € Z, |vx[K| < vx[0].

Proof. The result is trivial using the Cauchy-Schwarz inequality with yx[k] =
(X, 4k Xn) (by denoting (, ) the inner product between random variables). Moreover,
by definition of a wide-sense stationary process, vx[0] is finite. O

Property. The autocorrelation has Hermitian symmetry:

Vk € Z, yx[k] = vx[—k]

Proof.

Yx[—kl = E(X; X)) = E(X_Xn)" = v [k].

5.2.3 Power spectral density

It is important to characterize a random process in the frequency domain.
For example, telecommunication signals are commonly modeled by random
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processes, and one usually seeks to quantify the spectral band used by these
signals in order to optimize the transmission channels. The main tool to
characterize stationary random processes in the frequency domain is the
Power Spectral Density (PSD).

Definition 5.14. The Power spectral density (PSD) of a stationary
random process X, is defined by:

1 N .k
Z Xk67127rk1/

WeR, Tx(v)= lim E
k=—N

—00 2N +1

Theorem 5.1 (Wiener-Khinchin). The power spectral density is the
Fourier transform of the autocorrelation of the random process:

VWweR, Tx(v)=Y yx[kle ™k
kez

Proof. By definition of the PSD:

1 N
Tx(v) = lim E | 5
xW) = m Bl oxr1|,

Y Xpexp(—i2mkv)
—N

2)
1 */ N '

= 2N+1]E ((kz Xy exp(—i27tkv) ) <kZNXkexp(—12nkv)>>

1 N N

= ]E ( ) Z & Xnexp(—i2m(n k)v))

N

2
) . (142)

N
Z Xy exp(—i2mtkv)

2N —Nn
1 N
T ONF+1 kZZ_ ; (XfXn) exp(—i2m(n — k)v)
1 N '
TON+1 k:Z—ansz’YX [n— k] exp(—i27t(n — k)v)

2N
2N 41—
+7|m|'yx [m] exp(—i2mrmv)

m=—2N 2N+1
2N +1-— \m|) .
=) max (0, = — ) yx[m]exp(—i2mmv)
ez ( 2N +1

If vx € L1, we can bound the terms in the series by |yx[m]| and apply the dominated
convergence theorem to invert limit and sum. We get:

I'x(v) = 11m FX = ) yx[m]exp(—i2mmv).
meZ

Moreover, 'y (v) is continuous.
Ifyx ¢ L1, the limit has to be calculated in the sense of distributions:

lim (T¥,¢9) = <M§va[m16m,d>>

where ¢ is a test function and ® denotes its Fourier transform. O
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The Wiener-Khinchin theorem is frequently used to compute the power
spectral density because it is simpler to calculate the Fourier transform of
the autocorrelation function than applying the definition of the PSD.

Property. The power spectral density is real and non-negative:

Vv, I'x(v) € Ry

This property is a direct consequence of the definition.

Remark. Ifthe process X,, is real valued, then its PSD is even:
Vv, T'x(v) =Tx(—v).

Indeed, if X;, € R, then yx[k] € R. Since yx has Hermitian symmetry,
we have yx[—k| = yx[k] for allk € IN. From the properties of the Fourier
transform, T'x (v) is even.

Property. The power of a stationary process is equal to the integral of
the power spectral density:

vx[0] = K 11//22 Tx(v)dv.

Proof. According to the Wiener-Khinchin theorem, the autocorrelation is the inverse
Fourier transform of the PSD:

172 i2nvnd
n| = I'x(v)e v
¥x (1] 12 x(v)

For n = 0, we get the result. O

The name “power spectral density” is justified by the fact that integrating
the PSD in the spectral domain yields the power of the random process. By
integrating the PSD in a specific frequency band, we obtain the power of the
process in this frequency band.

Calculation of the PSD

The usual method for analytically calculation of the PSD is as follows:
1. Compute the mean ux|[n] = E(X,)
2. Compute the autocorrelation rx ki, ko] = E(Xj, X}, )

3. Check that the process is WSS:
» ux[k] = px,
o rx[k1, ko] = vx[k1 — ko]

4. Check the consistency of your results using the properties of 7y x [k]:
- 1x[0] = |yx[K]

5
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« rx[k = v [=K].
5. Calculate the power spectral density: T'x(v) = Fyx(v).

5.2.4 White noise

A white noise is a random process used to model various sources of error:

» measurement errors due to sensor imperfections (measurement noise);

« the inaccuracy of the mathematical model describing the useful signal,
when this model is too rough.

The white noise then models the non-informative part of the data. In other
scenarios, a white noise is used to describe the useful (informative) part of
the data: when placed as input of a filter, the output signal is a random
process describing the diversity of signals that can be observed in practice.

Definition 5.15 (white noise in the strict sense). A process Wy, is a
white noise in the strict sense if the following properties are met:

e W, is a centered wide-sense stationary process,
* yw(n] = o?d[n],
e W, and Wy are independent for all k # n.

Definition 5.16 (white noise in the wide sense). W,, is a white noise
in the wide sense (or in the weak sense), of variance o if the following
properties are met:

e W, is a centered wide-sense stationary process,

e yw[n] = c?5[n].

Remark.

* A white noise being centered, its power equals its variance: Pyy = o>

e A Gaussian white noise is always a white noise in the strict sense
because uncorrelation implies independence for Gaussian processes.

Property. Let W,, be a white noise in the wide sense. We have:
» W, and W,, are uncorrelated forn #* m.

e The PSD of W,, is constant: I'yy = o g.

J

The name “white noise” comes from this property by analogy to white
light whose spectrum contains all the frequency components in the same
proportions.
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Convention. Throughout the rest of the handout, the short name “white noise"
refers to white noise in the wide sense.

Example 5.2. Consider two random processes: a white noise and a colored
noise. Fig.|30 displays a realization of these processes, their autocorrelation
and their PSD.

* Realizations: From an empirical viewpoint, by observing a realiza-
tion of each random process, we notice that for the white noise (left),
the successive values seem to be uncorrelated; while for the colored
noise (right), we observe a positive/negative sequence, showing a cer-
tain correlation.

We can confirm these comments from the theoretical viewpoint:

e Autocorrelation: the autocorrelation of the white noise is impulse-
shaped, while that of the colored noise is positive valued for samples
spaced by an even number of points and negative for odd intervals.

Realisation Realisation
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n n
Autocorrélation Autocorrélation
1 0.6
0.8 | 0.4
0.2 | 'l
= 08 H = | ||||||| \‘| "
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Figure 30: Comparison of two random processes: white noise (left) and col-
ored noise (right).
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e Power Spectral Density: the white noise PSD is constant. The col-
ored noise PSD has high frequency content, which is consistent with
the fast variations observed in the realization signal.

5.2.5 Linear filtering of random processes

Linear convolution filters are one of the main tools in signal processing. The
purpose of this section is to analyze the properties of a filtered stationary
random process.

Interference formula

Figure 31: Linear filtering of two random processes (interference formula).

Theorem 5.2 (Interference formula). Let:
X, and X!, be two wide-sense stationary random processes,
e hand I’ be the impulse responses ({*) of two stable filters

* Y, and Y], denote the output (filtered) random processes:

Yo = (h*X),=Y_ h[k]Xy_x,
kez

Yy =W *X)y =Y WKX,_,
keZ

Then:
e the filtered processes Yy, and Y,, are stationary,
e their cross-correlation reads:
Yyy = h*h *yxx

with I'[K] = W"*[—K].
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Proof.

Yyy (k] = E(YuikYy')

= (Z Y hlijn™ mxn-&-k—ixllq*j)

i€ZjeZ

=Y ) i IE(X ki X )
i€ZjeZ

= Y WY Blirxxe i+ k-]
JEZ i€z

= Y Wrlgli+k with g=hxyxx
jEZ

=Y W[-jlgli+K
jEZ

=Y Wjlglk -l
jEZ

= (I’ % g)[K]

= (I % hx yxx)[K]

O
This theorem (referred to as the interference formula) provides a rela-
tion between the second order moments of the filtered random processes and
those of the input processes. The interference formula has many practical
applications, some of which are detailed hereafter.
Autocorrelation and PSD of a filtered random process

Corollary 5.1. Let
e X, be a wide-sense stationary process,
* h be the impulse response ({1) of a stable filter.

The filtered process Y,, = h x X, has the following properties:
» the autocorrelation of Yy, reads: vy = h* h * v,

* the PSD of Yy, reads: Ty(v) = |H(v)|*Tx(v).

Proof. Apply the interference formula with X’ = X and i/ = h. Then, use the Fourier
transform property: Fh(v) = H*(v). O

This corollary is an important result. It allows us to write the PSD (as
well as the autocorrelation function) of the filtered process with respect to
the input random process.

Identification of the impulse response of a linear filter

Identification of the impulse response of an unknown linear filter is a clas-
sical problem. One possible approach aims to use a white noise as input of
the filter, and calculate the cross-correlation between this white noise and
the related output signal.

89
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Corollary 5.2. Let
¢ W, be a white noise,
* h be the impulse response ({1) of a stable filter.

The cross-correlation between the input noise W,, and the filtered process
Y, = h x W, is proportional to the impulse response of the filter:

2
Yywlk] = o hlk].
Proof. Apply the interference formula with inputs X, := W, and X}, := W;,, and filters
h[n] and K’ [n] := &[n].
The output signals read Y, = (h* W), and Wy, = (I x W)j,.
Thus, yyw = hx '« yxxr = h %8 x vy = 02 h. O

5.2.6  Autoregressive model

Autoregressive models are commonly used to study time series in various
contexts such as pollution measurements, financial data, or audio time series.
They allow one to predict future data from past observations. A second
reason for using AR models is that their parameters can be estimated in a
simple way, as we will see in Chapter|[6]

Definition

Definition 5.17. (Autoregressive model) An autoregressive model (AR)
of order p is random process obtained by filtering a white noise using a
stable filter of transfer function:

1

H(U) - 1— 217(7_1 akeﬂ?nkv

where ay, ..., a, € R.

Time domain: recurrence equation

According to section [3.5.1} the AR model can be expressed in time domain
using a recurrence equation.

Theorem 5.3. An AR process Yy, of order p reads:

P
Yn - Z akYn—k + Wn (143)
k=1

where W,, is a white noise.

J

Remark. The impulse response of the filter is of infinite duration. It is
therefore more relevant to use the recurrence equation above to describe
the input-output relationship, because the latter involves a finite number of
terms Y, _.
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Parameters of an AR model

An AR process of order p is fully parameterized by:
. the variance 0 of the generating white noise W,,,

« the coefficients {ak}lgkgp of the recurrence equation.

PSD of an AR process

Since an AR process is obtained by filtering a white noise, its PSD can be
written using Corollary

2
1
T'y(v) = o? . 1
Y( ) 1 _ Z]f:l akeﬂz”k" ( 44)
Autocorrelation of an AR model
Property. The autocorrelation of an AR process satisfies:
p . )
Vk>0, y[k] =) aiyylk—i]+ 0?6[k] (145)

i=1

with yy[k] = yy[—k] fork < 0.

Proof.

Yy k] = E(YnY,—k)

P
=E <<Z a;Yy—i+ Wn) Ynk)
i=1

@B (YY) +E (Wi Y, _g)

= |l M":
_

=Y ajyy [k —i] 4+ 026[K]
=1

The result E (W, Y,_;) = 0%6[k] comes from and the fact that W, is white noise
(E(WiW;) = 026[i — j]). Indeed, according to (143), Y,,_ depends only on W; at times
i < n — k. We further obtain:

« fork >0, E(W,Y,_x) =0;

o fork =0,

E (WnYnfk) =E (WnYn)
~ B L+ 1))

i=
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Equation yields a system of p + 1 linear equations, obtained for 0 <
k < p, referred to as the Yule-Walker equations. One can estimate the p +
1 model parameters, namely {a1,ay, .. -, p, (72} by inverting this system.
This subject will be further addressed in Chapter [6]

5.3 CONCLUSION

This chapter first introduced the notion of stationary discrete-time process.
A classical way to characterize a stationary process is by computing the first
two moments (mean and autocorrelation function) in the time domain and
the power spectral density in the frequency domain.

Another central concept is that of white noise, used either for modeling
errors within observed data or to generate a random process using filtering
techniques. The autocorrelation of a white noise is an impulse function at 0
while its PSD is constant for all frequencies.

At last, stationary processes such as AR models can be generated by fil-
tering a white noise. The interference formula is a key tool to characterize
the generated process in the time and frequency domains.



ESTIMATION BASED ON RANDOM MODELS

The previous chapter introduced mathematical tools to model time signals
using random processes. In practice, we have one or several realizations of
a random process, from which we wish to estimate statistical parameters
such as the mean, autocorrelation, PSD or other model parameters. The
purpose of this chapter is to define estimators, using concepts common with
the statistics course.

As an example, consider speech processing, where one wants to identify
the nature of elementary sounds (called phonemes) for automatic recogni-
tion purpose. Some phonemes such as /s/ or /f/ can be modeled by autore-
gressive (AR) random processes. In practice, we have a recording of an audio
signal corresponding to a single realization of the AR process. The objective
is to estimate the AR model parameters from this realization in order to iden-
tify the phoneme.

Throughout this chapter, we will only consider discrete-time, wide-
sense stationary processes. Let us specify our main notations:

« A random process is denoted with a capital letter X,,, n € Z. The
index 7 is related to the variable of evolution (e.g., time).

+ The deterministic signal corresponding to a realization of this process
is denoted with a lowercase letter: x[n], n € Z.

+ The estimator (or the statistic) is denoted with a hat: fi. Note that this
is a random variable (or a random process).

Remark. x[k] is referred to as the k-th sample (in the sense of time sam-
pling, see Chapter[4) of signal x, that is, the value of signal x observed at
time k. Similarly, Xy will be referred to as the k-th sample of the random
process X, (n € Z). X is the random variable X,, forn = k. Note that
in statistics, a “sample” of a random variable Y refers to a realization Y (w)
from some w. The meaning of sampling is thus completely different. To
avoid any confusion, sampling will always refer to time sampling in this
chapter.
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6.1 ESTIMATION OF THE MEAN OF A RANDOM PROCESS

One of the difficulties of estimation in signal processing is the fact that usu-
ally, we have only one realization of the random process. In other words, it
is only possible to observe one realization. If we draw a parallel with a ran-
dom variable, it would be like trying to estimate its mean or variance from
a single data!

This is why we will deal with ergodic signals, for which the statistical
mean (over various realizations) can be replaced by the mean over the time
samples for a single realization. Obviously, this approach only makes sense
for stationary signals, for which the quantities to be estimated do not depend

on time.

Definition 6.1 (Estimator of the mean). The time estimator of the
mean from N times is defined by:

1 Z\E
= — X
Nn:O !

Property. This estimator is unbiased.

Proof The bias is defined by bias(Y) = E(aY) — px. It is easy to see that E(1}Y)
) =

N ZN VE(Xy) = px. So, bias(f1

oo

0.

Definition 6.2 (First-order ergodicity). The stationary process X, is
first-order ergodic if the time estimator of the mean converges in L? to
the mean of the process:

or equivalently (since the mean estimator is unbiased), if

Var(fiy) ——0

In practice, we compute a realization of the random variable ﬁg\g from
a single realization x[n] = X, (w) of a stationary and ergodic process Xj,.
This realization reads: i (w) = Y N-1 x[n]. The ergodic property allows
us to replace the average over random realizations px by a time average
A% (w) of the samples x[n].



6.2 ESTIMATION OF THE AUTOCORRELATION FUNCTION

Example 6.1.

* A white noise is first-order ergodic. Indeed,

N-1N-1

Var(fi¥) E E E(X,X;y)
1 N\ /
=Nz Z E(|X,?) since E(X,X})=0,Vn#n
_ “YX[O]
=N e

e The constant random value process defined by Vn, X,, = A with
A ~ N(0,0?) is not ergodic. Indeed,

1 N=IN-1
Var NZZZ]EXX

N-1N-1

ZZ]EAZ

does not converge to 0.

6.2 ESTIMATION OF THE AUTOCORRELATION FUNCTION

Definition 6.3 (Unbiased autocorrelation estimator). The unbiased
time estimator of the autocorrelation function is defined by:

—k—
AN K] = 2 X X; for 0<k<N,
(=

,?g,unb[k] = fy}l\(]'””b[—k]) for —N <k<O.

Property. This estimator is unbiased for all k such that |k| < N.

Proof. We check that ]E('?I)\g Anb(K]) = qx[k] for 0 < k < N. This result is further
extended to k < 0 by exploiting that functions 7yx and 'y)l\g’”"b are Hermitian symmetric.
O

'?% #10[k] is an estimator of the autocorrelation function only when |k| <

N. It is rarely used because its variance is huge when k is close to N. In
the limit case |k| = N — 1, the average operation within the definition of
’?)I\(] b [k] only includes one term (which yields a huge variance). On the
contrary, for k = 0, the average operation includes N terms. Therefore,
the variance of 'yN b [0] is reasonably small when N is growing, see the

statistics reminders in Section[1.5.1}
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Definition 6.4 (Biased autocorrelation estimator). The biased time
estimator of the autocorrelation function is defined by:

1 N—k—1

I = < Xk X; for 0<k<N,
N /=0

’?g[k] = ('7)1}][—k]) for — N <k<0.

The difference with the unbiased estimator is that the normalization factor

1
N—[k|

is replaced by % This estimator is biased since:

— |k — |k
B =B (Mg ) = S i e

The bias can be written as:

bias (*& [k])

E(1¥1K) - vx[k

= N i — i
= —‘II;' rx [k].

The bias equals 0 for k = 0 and tends to increase for |k| close to N. The
biased estimator has a smaller variance as compared with the unbiased esti-
mator. Indeed,

2
var(i§ ) = (M) vartagt ) 647

is close to 0 when k is nonzero and N is sufficiently large.

In statistics, the mean square error (MSE) is commonly used to compare
estimators. It reads as the sum of the squared bias and the variance. The
MSE of the unbiased and biased estimators of the autocorrelation function
can be written as:

MSE (ﬂ'“nb [k]) — 0+ Var (ﬂﬂ”b [k]) (148)

and
MSE(A;Q [k]) - (bias(ﬂ [k]))2+Var (r&% [k]) (149)
- 1’;22 (yx[k])Z + Var (@Q [k]). (150)

The biased estimator is often chosen because its MSE is lower than
that of the unbiased estimator. Indeed, for most random processes mod-
x [k]| is rapidly decreasing when |k| is growing
(intuitively, this corresponds to the fact that two samples taken at close times

eling physical phenomena,

are more correlated than two samples taken far apart). Thus, the squared

bias within (150) is of small magnitude:
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« when |k| is low, Il\% is close to O;

. when |k| is moderate to large, (yx[k])? is small.
Since the variance of the biased estimator is much smaller than that of the
unbiased estimator, the MSE of the former is the smallest.

Going further...

Let XN = (Xo, X1 ..., Xn—_1) be the random process restricted to N times. It is a
random vector including the N random variables used to define the above estimators

of the mean and autocorrelation function.

Property. The biased autocorrelation estimator can be written as a convolu-
tion product:
~N 1 N %N
= —X"VxX
Tx N

whereVk € {0,...,N}, XN = (X]M)*.

Proof. For0 <k < N,

N 1 N—k—1 .
XK=< Y XewX)
N =

N-1

XpXi , with m=Cl+k

I

z| ~
z 3
LIbT

NN
X X
k

m

(XN % XN)[K].

zl= z|=

Moreover, the function '?1)\(] [k] is Hermitian symmetric. Exploiting the definition
of XN[k] for k < 0, one can easily check that XV x XN is also Hermitian sym-

metric. Therefore, if —N < k < 0, we have

Definition 6.5 (Second-order ergodicity). The stationary process X,
is second-order ergodic if the unbiased estimator of its autocorrelation
function converges in L? towards the autocorrelation function:

A L2
vk e N, 7"k = vx[K]

N—o0
or equivalently, if

Yk € N, Var(7X"™[k]) — 0.

N—oo
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Second-order ergodicity is an essential property for estimating the auto-
correlation of a stationary random process using time estimators.

6.3 ESTIMATION OF THE PSD: PERIODOGRAM

Estimation of the power spectral density of a random process from a single
realization is a classical problem. The goal is to provide a characterization
of the process in the frequency domain.

Example 6.2. In climatology, scientists aim to find the periodicity of cli-
mate variation due to the earth oscillations. A more specific objective is to
distinguish the climate variations related to human activity compared to
other factors.

One of the most widely used measurements is the concentration of deuterium
in ice cores dating back several thousand years. The signal corresponding to
the deuterium concentration as a function of time is modeled by a random
process. Obviously, only one realization of this process is available. By
estimating the PSD of the process, one can find the main periodic features
which correspond to the peaks of the PSD signal.

6.3.1 Definition

The classical estimator of the power spectral density is called periodogram.

N

Definition 6.6 (Periodogram). The periodogram is an estimator of the
PSD defined as the Fourier transform of the biased autocorrelation esti-
mator for N time samples:

SN RSN 27tk
Ix(v) = Yx (k] e7=™
k=—N+1
or equivalently:
&N 1 7k i
I'y(v)=— Xy e
N k=0

J

Proof. Let us denote by XN = (X0, X1 ..., Xn—_1) the random process X}, restricted to

N time samples. The equivalence between both definitions is derived by using '?g =
%XN * XN

Y (v) = Fr¥ (v)
= LFXN L XN} ()
= LFXN@)FRN ()
=+ (Fx¥W) (FxNw)

- % (IXN(V)‘Z.
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Recall the definition of power spectral density given in section[5.2.3}

N 2

m E 1 Xk e—iZﬂ'kV
—N

WER, TX(v) = lim B | oo

k=

We can notice that the expectation and time limit operators have been re-
moved in the definition of the periodogram estimator. These two simplifica-
tions have important consequences:

+ Reduced spectral resolution (bias): Removing the limit operator is
equivalent to restricting the random process to N time samples. The
periodogram is therefore a biased estimator. The bias tends to 0 when
N — co.

« High variance: Removing the expectation operator is equivalent to
computing an empirical average for a single realization. Therefore,
the variance of the periodogram is very large. It can further be shown
that the periodogram is not a consistent estimator, since its variance
does not tend to 0 for N — oo.

From a practical viewpoint, given a realization x[n] of the process ob-
served for N time samples, one can compute the periodogram by first evalu-
ating the DFT of x[n] (using zero padding to refine the plot as seen in section
and then computing the squared modulus of the DFT.

Example 6.3 (Variance of the periodogram). We consider a random pro-
cess obtained by filtering a white noise. The theoretical PSD is plotted in
bold in Fig. Three realizations of the periodogram are also represented,
obtained from three different realizations of the process. The respective sig-
nal lengths are N = 40 samples (left figure) and N = 400 samples (right
figure). We notice that:

s Longueur N=40 échantillons s Longueur N=400 échantillons

\
A

I
35 [

0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
Fréquence réduite (v) Fréquence réduite (1)

Figure 32: lllustration of the periodogram variance: comparison of the the-
oretical PSD (bold line) with realizations of the periodogram for
N =40 and N = 400 samples.
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e The PSD estimate using the periodogram is very different from the
theoretical PSD. This illustrates the large variance of the periodogram
estimator.

e The periodogram plot strongly depends on the realization of the ran-
dom process. Moreover, the variance does not decrease when the num-
ber of time samples increases, see the right figure. This illustrates that
the estimator is not consistent.

6.3.2  Statistical properties of the periodogram

Bias and spectral resolution

Property. The periodogram is biased:

E(fX(v)) = (Tx ® Tn) (v)

lsinz(an)
N sin?(7v)
window ty k] = N%mﬂ‘k‘g\,.

where Ty (V) = is the Fourier transform of the triangle

Proof. By definition, the periodogram can be rewritten as:
PN RS 27tk
o= ¥ ke,

k=—N+1

According to (146), we get:
N-1

EfYw)= ¥ E(WK)e 2™
k=—N+1
NN

= T

k=—N+1

= Y (k] yx[k] e
keZ

Tx [k} 671'27Tkv

E (f'g\(l (v)) reads as the DTFT of the entrywise product of functions f and yx. The latter
DTFT is equal to the circular convolution of the DTFTs of ¢y and 7, see section 3.3.2]
O

Summarizing,
« The bias is related to the fact that N time-samples are considered,

+ Spectral resolution is related to the bias. Recall that the spectral reso-
lution is defined as the width of the main lobe of Ty, see section[3.6.2}
Here, it is equal to % since Ty vanishes for v = :I:%,

+ The bias is asymptotically zero (when N — o0). To improve spectral
resolution, one needs to increase the number of time-samples N.
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Going further...

Asymptotic law of the estimator

Property. Let X, be a Gaussian process whose PSD is nonzero: Yv €
[—3,3], Tx(v) # 0. In the asymptotic regime (N — o), the periodogram
follows an exponential law:

1 __x
. — = T TXU 1w,
pFX(v) (x) rx(l/)e X x>0
The asymptotic mean and variance of the periodogram read:
g = Tx(),  Var(TF () = Tx(v)2

Because the standard deviation is equal to the value we are trying to estimate, we
conclude that the periodogram estimator has poor accuracy.

6.3.3 Variants of the periodogram method

As previously mentioned, the variance of the periodogram is very high. Sev-
eral extensions were proposed to reduce the variance by averaging tech-
niques, among which Bartlett’s periodogram. As shown in Fig.[33} Bartlett’s
method consists of dividing the signal into K consecutive windows, and av-
eraging the periodograms related to each of these windows.

1 2 (K)
Xi) iﬁ ) )ﬁl
f(l)(v) f‘(Z)(v) I§GY) )

K
fBartletr(V) — %Z r® )
k=1

Figure 33: Principle of Bartlett’s periodogram.
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Definition 6.7. Let Xo, X7 ..., Xn—1 be N consecutive time-samples
of process X, with N = KL (7). The Bartlett periodogram on K win-
dows of length L is defined by:

SBart 1w k) 1 —iwe|?
PRt (v) = = Y. TW (1) where T®)(v) = f\ Y Xepxie :
K k=0 L /=0

a without loss of generality, the initial time corresponds to n = 0.

J

Let us express the bias of Bartlett’s periodogram. The random process X,
being stationary, IE(I'®) (1)) does not depend on k. So Vk, Vv, E(I'®)(v)) =
E (') (v)). The bias reads:

bias(F7 (1)) = E(F27 (1)) — Tx (1)
— E(M0 (1))~ Tx(v)
= bias(f% (v))

and identifies with the bias of the standard periodogram calculated for L
samples. According to section the spectral resolution is equal to %
It is less accurate than that of the standard periodogram calculated
for N time samples (equal to %) The latter is K times smaller: % = % %
This loss of accuracy is related to the fact that Bartlett’s method is based on
the calculation of periodograms for windows of reduced size, that is, L = %

On the other hand, the periodogram’s variance can be strongly re-
duced using Bartlett’s method. To set this idea on a simple example,
consider a white noise in the strict sense. For v and j # k, the random vari-

ables ') (v) and '™ (v) are independent and have equal variances. Thus,

Var(F§(v)) = — ¥ Var(f'®(v))

According to section [6.3.2} Var(I'k(v)) — Tx(v)> when L — oo, thus
Var(IBt(v)) — % In the asymptotic regime (K is fixed and L — o),
the variance of Bartlett’s periodogram is K times smaller than that of the
standard periodogram, calculated for N samples.

In practice, choosing the number of windows K implies a trade-off be-
tween the bias and variance, as illustrated hereafter.
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Example 6.4. Consider three realizations of a random process whose PSD

is displayed in bold in Fig.[34] for 10 000 time samples.

e The top figure shows three realizations of the standard periodogram.
The variance is too large to correctly retrieve the PSD.

« The center figure displays realizations of Bartlett’s periodogram. Av-
eraging is carried out over 50 windows of length 200. The variance
is moderate while the bias remains very small: the curve of fi‘m(v),
shown in dotted line, almost identifies with that of T'x(v). Bartlett’s
estimator appears to be a good trade-off.

* The bottom figure displays realizations of Bartlett’s periodogram. Av-
eraging is carried out over 500 windows of length zo. The variance is
very small whereas the bias is large.

Periodogramme standard

e

30
20
10

o PR Nl DL ,.‘Juim.. ’llLL IR IV [ TV NIV
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Periodogramme de Bartlett M=50 fenétres
T T T T T

50 T

40 1

20 .

10 b

0
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 05

Periodogramme de Bartlett M=500 fenétres
T T T T T T

50 T

W DSP Théorique
40F e Espérence du périodogramme | |
Réalisations du périodogramme

30 b

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 05

Figure 34: Bartlett’s periodogram: increasing the number of windows yields
a reduction of the variance and an increase of bias.
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6.4 PARAMETRIC ESTIMATION OF THE PSD
6.4.1 Principle

The periodogram, studied in section [6.3] is a non-parametric estimator hav-
ing a very large variance. In the parametric approach, the stationary process
Xy, is described by a model with few parameters (e.g., the autoregressive
model). By estimating these parameters from a realization x[n] of the ran-
dom process, one can then retrieve an estimate of the PSD. This approach
requires to make an assumption on the parametric model describing the ran-
dom process. On the other hand, it yields estimators having a lower variance.

Parametric estimation can be applied, e.g., to speech processing using AR
models or to vibration analysis problems, which lead to estimate the param-
eters of noisy sinusoids.

6.4.2 Case of a signal modeled by an AR process

According to Theorem|s.3} the AR model of order p can be written using the
recurrence equation:

p
Xn = Z g Xy + Wh (151)
k=1

where W, is a generative white noise of variance ¢?>. The model involves

p + 1 parameters: ay, . .., ap, 2.

Estimation of AR model parameters from experimental data

The most classical approach aims to estimate the autocorrelation function of
Xy. The Yule-Walker equations (145) provide a linear relation between the
model parameters and the autocorrelation coefficients:

P
Vk>0, xlk] =Y aiyxlk—i]+ 0?5kl
i=1

Let us gather these equations for k = 0, ..., p. Since yx[k] is an even func-
tion, we get the following linear system:

x/[1] x[2] o wx[p] 1 a vx[0]
rx|0] yx[1] - x[p—1] 0 ap rx[1]
x[1] x[0] - x[p—2] O | = (2]
mlp-1 wlp-2 ] 0]\ ]

In practice, yx k] is replaced with the biased estimator 4% [k], see defini-
tion Solving the linear system yields estimates d; and 6 of the model
parameters.
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Estimation of the PSD
The PSD of an AR process has a closed form expression, see (144). The para-
metric estimator of the PSD thus reads:

52
PR) = ———
)1 o Z ﬁk6727'[l'k1/

k=1

.

Figure [35|illustrates the reduction of variance obtained using parametric
estimation. The PSD of the process is shown in thick line. The top figure dis-
plays realizations of the parametric estimator while the bottom one displays
realizations of the standard periodogram.

450 Estimation paramétrique de la DSP (modéle AR)
T T T T T T T

DSP théorique

400 - Estimation paramétrique AR | 4

350 |-

300

250 |- b
200 |-
150 -
100 -

50 -

0 0.05 0.1 0.15 0.2 0.25 03 0.35 0.4 0.45 0.5

Périodogramme
2500 T T T

2000 [~ b
1500 - b

1000 - | b

500 I i

o z ” ..Hn)uu Mﬂ-umJ DM LLH_

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Figure 35: Comparison of the parametric PSD estimator with the standard
periodogram.
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Example 6.5. Application to speech processing

Some speech sounds can be described using an AR model. These are unvoiced
phonemes, for which the vocal cords do not vibrate. The main unvoiced
sounds include fricative consonants: /f/, /s/, etc. and whispered vowels. The
AR model can be interpreted as follows:

e The turbulent airflow at the entrance of the vocal tract is seen as a

white noise,
e The vocal tract resonances are related to the poles of the AR model.

Estimation of the AR model parameters related to specific phonemes allows
one to identify the phoneme (speech recognition) or to carry out speech syn-
thesis. Fig.|36| illustrates the speech processing tasks.

s Son enregistré - a.wav 5000 Autocorrélation - a.wav 5 Coefficients dufiltre AR - a.wav

4 5000 15

2 4000 1
0 3000 05 ‘ ‘

2 2000 0
4 1000 05 ’ ‘ ’ ‘ ‘

) 0

8 -1000 15
0 o1 02 03 04 05 06 07 -100 -50 0 50 0 5 10 15 20
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de 'autocorrélation équations de Yule-Walker
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.\0‘«\@\ DSP d'un
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Figure 36: Speech processing and speech synthesis.

6.5 OPTIMAL LINEAR ESTIMATOR

In many applications, one intends to estimate a random process X at time n
from a random process Y observed for P time samples. Obviously, estimat-
ing X, is possible only when both processes X and Y are correlated. The
autocorrelation function of Y and the cross-correlation between X and Y are
assumed known. Moreover, the random variables are assumed centered
and real valued.

Classical frameworks include:

+ prediction: predict the value of X, at time n from observations at P

previous times: X;,_1,..., X;—p,
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« denoising: retrieve X,, at time n from noisy observations Yy = Xj +
W for different time moments k,

« deconvolution: retrieve X, at time 7 from blurred measurements Y}, =
(h * X)i, where I is the impulse response of a low-pass filter modeling

the blur.

Hereafter, we use the simplified notations U = X, € R for the random
variable to be estimated and Z € R” for the random vector gathering the P
observations Y.

6.5.1 Definition and properties

Definition 6.8 (Optimal linear estimator). LetZ be anR” -valued cen-
tered random vector and U be a real valued centered random variable.
A linear estimator of U from Z is a weighted sum

P
UM)=h'z=Y h,z, (152)
p=1
where vector h gathers the weights h,,.
An optimal linear estimator reads l:l(hopt) = hgptZ where hopt

minimizes the variance of the estimation error:

hopt = arglrlnin]E [(U — H(h))z}. (153)

Theorem 6.1. Let X7 = IE(ZZ') denote the covariance matrix of Z.
Assuming X7 is invertible, the optimal weight vector can be written as:

hopt = Z7'E(ZU). (154)

Proof. The variance of the estimation error reads:
~ 2 2
E[(u-tm) ] =E((u-nz)?)
= E (h'ZZ'h) — 2E(h'ZU) + E(U?)
= h'Ezh — 2h'E(ZU) + E(U?).
Minimizing this variance leads to solve a quadratic optimization problem:
hopt = argmin {](h) .= h'Szh — 2n'E(ZU) + IE(UZ)} .
h
By assumption, matrix Xz is invertible. Being a covariance matrix, it is symmetric pos-

itive definite. Therefore, function J is strictly convex, and the optimization problem ad-
mits a unique solution, for which the gradient of | vanishes:

Vh](h = hopt) =0 — Zzzhopt — ZIE(ZU) =0,

thus hopt = X' E(ZU). O
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The solution U related to the weight vector hopt can be interpreted as the
orthogonal projection of U € L2(Q), F, P) on the subspace of L?(Q), F, P)
spanned by Z, ..., Zp. Corollary|[6.1]states that the residual of the orthogo-
nal projection, U — U, is orthogonal to this subspace (according to the inner

product of L2(Q), F, P)).

Corollary 6.1. The estimation error is uncorrelated with the observations:

vpe{l,...,P}, E[(U-Ulhop))Z] =0.

Proof. By noticing that hopt is constant (deterministic), we have:

E(Z (U - U(hept))) = E(ZU — Zh{p,Z)

(
=E(ZU —ZZhopt)
=E(ZU) —E(ZZ") hept
= E(ZU) — Zzhopt
=0

according to (154). O
6.5.2  Prediction of a random process

The optimal linear estimation technique is now applied to the prediction
of a random process. In various fields (e.g., prediction of the evolution of
financial stocks), one intends to predict the value of a process X;, at time n
(U = X,) from the past P values, denoted Z = (X;,,_1, Xy—2,..., Xy—p).
The autocorrelation function 7y is assumed known.

Theorem 6.2. The optimal linear predictor of X, from Z =
(Xn-1,Xn—2,...,Xu_p)" reads:
A P
Xp = héptz = Z [hopt]p Xn—p (155)
p=1
where
-1
7x(0] rx[1] rx[P —1] rx[1]
rx[1] 7x[0] Tx[P—2] rx[2
hopt - . . .
rx[P—1] yx[P-2] .- x[0] vx[P]

Proof. The expression of hgpt follows from Theorem and from yx[k] =
E(X,,xXn) = yx[—k], the process X being real valued. Note that since X, is sta-
tionary, IE(ZX,) and £z = E[ZZ'] do not depend on 7. O

Remark. (155) is a convolution relation. The predictor can thus be seen as
a linear filter of impulse response hopy.
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Example 6.6. On Fig.[37 the upper plot shows yx|k|. We can notice that
the samples spaced about 40 points apart are strongly correlated. The bot-
tom plot displays the coefficients hopt for P = 50.

Fig. shows a realization x[n] of the process X, (bold curve). The predic-
tions made with P = 5 samples (top) and P = 50 samples (bottom) are
drawn in thin lines. The prediction is improved using 50 samples, since the
high correlation between distant samples is taken into account.

Autocorrélation Y
T

04 Réponse impulsionnelle du filtre de prédiction h

0.2 N

0.2 I I I I I I I I I

Figure 37: Top: autocorrelation of the process (yx). Bottom: impulse re-
sponse of the prediction filter (h).

Prédiction avec P=5
T T T

Signal
Prédiction

0 10 20 30 40 50 60 70 80 90 100

Prédiction avec P=50

1 T

T
Signal
Prédiction

Figure 38: Prediction of the process using P = 5 (top) and P = 50 (bottom)
samples.
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w
X Y
—C'lg— h

Figure 39: Denoising model: search for the optimal filter / to apply to noisy
data Y;,.

<

6.5.3 Wiener filter for denoising

In this section, optimal linear estimation is applied to signal denoising. The
noisy signal is modeled by the random process Y}, equal to the sum a an
(unknown) noiseless process X;, and an unknown noise process W,:

Yn:Xn+Wn

The objective is to reconstruct X, by filtering the signal Y;,. The model
and filtering operation are represented in Fig. We make the following
assumptions:

« W and X are uncorrelated,

« the autocorrelation functions yx and yw are known.

Case of a finite impulse response filter

We first address the reconstruction of X, from P past observations. We
therefore seek to apply to process Y a filter /1 of duration P:

P-1
Xn — (h * Y)n — Z hpYnfp.
p=0
This equation can be rewritten X,, = h'ZwithZ = (Y, Y,,_1,..., Yu_ps1)h
According to Theorem the optimal filter is given by hopt = X5 'E(zX),
with

Yy (0] i e e y[P 1]
Yy[1] (O] oo o yy[P =2
ZZ: . .
Yy[P—=1] yy[P=2] -+ - y[0]
and
Yrx[0]
Yyx[—1]
Yzx = :
Yyx[1 —P]

Since W and X are uncorrelated, the entries of the above matrices can be
written using functions yx and yw: fork =0,..., P — 1, yy[k] = yx[k] +
ywlk] and yyx[—k] = yx[—k] = (vx[k])*. Since X, is real valued, we
then have yyx[—k] = yx[k].
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Case of an infinite impulse response filter

We now generalize the above result to infinite impulse response filters. In
other words, we aim to predict X, from an infinite number of time observa-
tions, Y, for p € Z. Theorem [6.3| states that the frequency response of
the optimal filter can be directly deduced from the power spectral densities
of X and W.

Theorem 6.3 (Wiener filter). The optimal linear filter for denoising,
called Wiener filter, reads as the convolution

=13, [hopt]pY”_P
pEZ

where the transfer function is:

rx(l/) _ 1

HorlY) = F ) + (@) = T+ Tw () /Tx ()

Sketch of proof. The case of an infinite impulse response does not correspond to the
framework of theorem. 6.1} where the number of observations Yy, is finite. This said,
some arguments remain valid in infinite dimension, such as the fact that X, is the or-
thogonal projection of X, on the (closure of the) subspace of L2(Q, F,P) spanned by
variables Yy, . Hence, the estimation error and the observations are uncorrelated (corol-

lary . So, we have:

E ((Xn Xn Y, - p)
E(XnYn—p) — E(XyYn— p)
E(Xn(Xn—p + Wa—p)) — E(X Y- p)

E (X Xn—p) + E(Xy W) — E(ZyYn_p) =0

Tx[Pl+0—75¢[P] =0,

Vp,neZ

0
0
0

thus yx = ygy. According to the interference formula, , ¥y = hopt * vy. Moreover,
Yy = ¥x + yw since Y, = X;; + W, and W and X are uncorrelated. Finally,

Yx = hopt * Yy = hopt * (rx +rw)-

Applying the DTFT to the previous expression, we get:

Tx(v) = Hopt(v)(Tx (v) + Tw (v)),

hence the expression of Hopt (V). O

The expression of the frequency response can be interpreted as follows:
the filter attenuates the signal within the frequency bands where the PSD
of the noise is greater than that of the random process X. One of the main
limitations of this approach is that the knowledge of power spectral densities
of the target processes is required.
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Example 6.7. Consider a noisy process Y, = X, + W, and assume that
the PSD T'x(v) and Ty (v) are known, see Fig. [4d(a). The frequency re-
sponse Hopt (V) of the Wiener filter is displayed in dotted line. It adapts
to the signal-to-noise ratio in each frequency band: when the signal power
is important compared to the noise, the gain of the filter is high, thus the
frequency content of Y, is preserved. In the opposite case, the gain of the
filter is low and the noise is attenuated. Fig. [4d(b) displays a realization of
the three processes in the time domain. In the top figure, the noisy process
Y, is shown together with the reference signal (that is, the noiseless process
X, used to generate simulated data Y, ) ; in the bottom figure, the denoised
process X,, is compared with X,,.

10®
rx(”) : DSP Signal
rw(u) : DSP Bruit
"""""" H(v) : Fonction de transfert de Wiener
10'8 L L L L L L L L L
0 005 01 015 02 025 03 035 04 045 05
Fréquence v
5 Bruitage du signal
T T T T T T
Signal
Signal bruité
1t
of
-1E
0 10 20 30 40 50 60 70 80 90 100
(b) ) Débruitage du signal
T T T T T T
Signal
Signal débruité

%

Figure 40: Denoising using the Wiener filter.  (a) PSD of the signal and

noise processes (I'x and I'y) and frequency response of the
Wiener filter (Hopt). (b) Time representation of Y} (noisy pro-
cess), X,, (unknown noiseless process) and X,, (denoised result).
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6.6 CONCLUSION

In this chapter, we first derived estimators of the mean of a process, the
biased and unbiased estimators of its autocorrelation function, and the esti-
mators of its DSP, namely the standard periodogram and the Bartlett peri-
odogram. The standard periodogram method has significant limitations in
terms of bias (related to spectral resolution) and variance, which make the es-
timator imprecise. Thanks to its windowing effect, Bartlett’s method makes
it possible to significantly reduce the variance of the estimator. DSP para-
metric estimation techniques are very effective when the process of interest
can be modeled using a few parameters (e.g., for autoregressive processes).
Finally, optimal linear filtering techniques are useful to address various pre-
diction, denoising and deconvolution problems. Their principle is to seek for
the best filter in the sense of the mean square error. This leads to solving an
optimization problem whose unknowns are the coefficients of the filter. This
optimization problem being quadratic, its resolution boils down inverting a
linear system.

The various techniques presented are illustrated by simulations provided
on the edunao page of the course, within the framework of sound synthesis
and denoising of an audio signal. The codes corresponding to these examples
are available on edunao.
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